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Subsurface/Volume Scattering
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So far we consider only surface 
reflection, but not how photons 
interact with particles under surface. 

Particles of translucent materials under 
the material surface scatter lights like 
crazy and some scattered photons 
make their way out of the surface.
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Material Types

338 Digital Color Imaging Handbook

this section. Some overlap exists between this section and an earlier chapter
on the physics of color. That chapter focuses on modeling the interaction
between light, colorants, and medium at the microscopic level. The emphasis
here is in modeling the printer at a macroscopic level, with the goal of
deriving the forward characterization mapping from device colorant values
to device-independent coordinates such as spectral reflectance or CIEXYZ.
Derivation of the inverse characterization function is generally independent
of the forward model and is thus discussed in a separate section. 

To set a framework for the models to follow, it is instructive to examine
different ways in which light passes through a uniform colorant layer. These
are depicted in Figure 5.32. In Figure 5.32a, light passes though the colorant
layer in only one direction. Some of the light is absorbed, and the remaining
is transmitted. The absorption and transmission are functions of wavelength,
hence the perception that the layer is colored. This layer is said to be trans-
parent and occurs when the colorant particles are completely dissolved in
the medium. The dyes in a dye-diffusion printer can be reasonably well
approximated by this model. In Figure 5.32b, some of the light is transmitted
and some absorbed as in Figure 5.32a. However, due to the presence of
discrete particles, some of the light is also scattered. This layer is said to be
translucent. Xerographic and certain inkjet printers subscribe to this model.
In Figure 5.32c, a much higher presence of discrete particles results in all of
the light being either absorbed or scattered. This layer is said to be opaque,
and it applies to paints and some inkjet processes. In all cases, transmission,
absorption, and scattering are functions of wavelength. We will see shortly
that models for predicting the color of uniform colorant layers are based on
one of these three scenarios. More details are given in Chapter 3, which
focuses on the physics of color.

In the ensuing discussions, we will assume the exemplary case of a three-
colorant (CMY) printer. Extension to an arbitrary number of colorants is
usually straightforward.

5.10.2.1 Beer–Bouguer model
The Beer–Bouguer (BB) model plays an important role in colorant formula-
tion, being frequently used to predict light transmission through colored

a b c

. . .. ..... . ..
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Figu re 5.32 Light transport models for (a) transparent, (b) translucent, and (c)
opaque media.
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Pure absorption 
(Transparent)
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A little scattering + absorption 
(Translucent) 
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A lot of scattering + absorption 
(Opaque) 

Digital Color Imaging Handbook, Gaurav Sharma
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Volume Scattering

Particles scatter and absorb photons, and it’s important to model in: 
• Translucent materials (e.g., jade, skin), which have strong subsurface scattering (SSS) in 

addition to surface scattering.  SSS can be ignored in cases where refraction is weak or 
particle absorption is strong so that the back-scattering doesn’t contribute much to the 
overall material appearance. 

• “Participating media” (e.g., cloud, smoke), which have no surface and everything in 
volume scattering.
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�8https://assetstore.unity.com/packages/vfx/shaders/jade-translucency-subsurface-scattering-shader-84486



�9https://www.pixar.com/upfilm
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General Idea

The principle way to model volume scattering is the Radiative Transfer 
theory, which is an integro-differential equation that generally have no 
analytical solution. 

We solve it by: 
• make simplified assumptions (e.g., Kubelka-Munk model for diffuse illumination and 

isotropic scattering, diffusion approximation applied to BSSDF [Jensen et al. 2000])  

• plus: using numerical methods to approximate the solution (e.g, monte-carlo estimator)

https://graphics.stanford.edu/papers/bssrdf/bssrdf.pdf
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Volume Scattering Processes

https://pbr-book.org/4ed/Volume_Scattering/Volume_Scattering_Processes

Absorption

Emission
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Volume Scattering Processes

https://pbr-book.org/4ed/Volume_Scattering/Volume_Scattering_Processes

Out-scattering

In-Scattering
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Pure Absorption



Concentration (# of 
particles / unit volume)

�14

Modeling Pure Absorption

Fig. 1. A slab of base area E and thickness Δs.

Δs

E

Optical Models for Direct Volume Rendering, Nelson Max 1995

I I + ΔI

Cross-section 
area: A

ρEΔsA
E

Consider a very thin slice (so thin that 
no particles are covering each other)

Total area covered 
by the particles

Percentage of area 
occluded by particles
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Modeling Pure Absorption

Fig. 1. A slab of base area E and thickness Δs.

Δs

E

Optical Models for Direct Volume Rendering, Nelson Max 1995

ρEΔsA
E

Consider a very thin slice (so thin that 
no particles are covering each other)

= −
ΔI
I

Percentage of 
absorbed photons

ΔI
Δs

= − ρIA
I I + ΔI

Cross-section 
area: A
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Beer-Lambert Law

dI
ds

= − ρIA

I = I0e− ∫s
0 ρ(s)A If density is non-uniform

I = I0e−ρAs If density is uniform

“The person credited with a scientific law is 
almost certainly not the one who discovered it.” 

Bouguer was the first to discover this law.
Fig. 1. A slab of base area E and thickness Δs.

Δs

E

Fig. 1. A slab of base area E and thickness Δs.

Δs

E

Fig. 1. A slab of base area E and thickness Δs.

Δs

EI0

s

… 
… 
…

As s increases (light travel farther), the 
intensity decreases exponentially!

I

https://en.wikipedia.org/wiki/Pierre_Bouguer
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Beer-Lambert Law

https://en.wikipedia.org/wiki/Beer%E2%80%93Lambert_law
Fig. 1. A slab of base area E and thickness Δs.

Δs

E

Fig. 1. A slab of base area E and thickness Δs.
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Fig. 1. A slab of base area E and thickness Δs.
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Exponential decay happens when a 
quantity decreases at a rate 
proportional to its current value. 

• Opposite of exponential growth. 

Exponential decay means lights are 
hard to be completely absorbed. 

• 10% of light @ 70 m deep under ocean, 
but you can still see lights at 850 m deep. 

Many real-world scenarios exhibit 
exponential growth/decay.
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Exponential Decay

I = I0e−ρAs

https://en.wikipedia.org/wiki/Exponential_decay
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Exponential Growth

Washington Post

New York Times

Every exponential growth will come to an end when…
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Absorption Efficiency and Coefficient

I = I0e−ρAs

I
I0

= e−μs

Percentage of light left

Absorption efficiency (unitless): the 
probability that a photon is actually 

absorbed when it hits a particle.

Density/concentration 
(Unit: 1/m3)

Cross-section 
area (Unit: m2)

I = I0e−ρQaAs
More generally

I = I0e−μs
Absorption coefficient: 

Unit: 1/m
μ = ρQaA

Ca = QaA is sometimes called effective 
absorption cross section 

* As always, absorption efficiency and 
coefficient are wavelength-dependent.
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Absorption Efficiency and Coefficient

Absorption coefficient: 
Unit: 1/m

μ = ρQaA

Informally, µ quantifies how much light is absorbed per unit distance. 
• µ = 1 means after passing through 1 m the radiance is reduced by a factor of e. 

• Another way to understand µ is that µ = 0.1 means a photon can travel about 10 m 
before being absorbed. (1/µ is the mean lifetime in an exponential decay).

I = I0e−μs
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Photoreceptor Absorption

Outer segment is light-sensitive 
part of rods. It’s about 25 µm long. 

• It absorbs about 3% of the incident 
light for every μm. 

• How much light is absorbed by a rod 
cell? (Answer 53%)

http://book.bionumbers.org/how-big-is-a-photoreceptor/

0.97 = e−μs, s = 1μm

μ ≈ 0.03/μm

e−0.03×25 ≈ 0.47

I
I0

= e−μsPercentage 
of light left
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Absorption/Transmission vs. Concentration

184 Digital Color Imaging Handbook

This equation can also be written using the transmittances of the individual
substances. The total transmittance equals the product of all transmittances.

(3.21)

In practice, Equation 3.21 allows us to compute the transmittance of the
mixture of purely light-absorbing inks. 

Finally, let us calculate the average density  of an infinitely thin
slice of an absorbing medium under diffuse illumination (see Figure 3.9). We
know the angular distribution of the diffuse light flux from Equation 3.7,
and Beer’s law gives the absorption in the direction , which equals
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Figu re 3.6 Transmission and density spectra of a cyan ink at various concentrations c.
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Hence, the average density  can be computed by integrating over all
directions. 

(3.22)

This shows that the optical density under diffuse illumination is twice the
density observed for a collimated light beam. This fundamental result gives
us a generalization of Beer’s law for diffuse light.

(3.23)
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Figu re 3.7 Transmission and density spectra of a magenta ink at various concentra-
tions c.
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3.5 Light scattering
The term light scattering refers to all physical processes that move photons
apart in different directions. This phenomenon is often caused by local vari-
ations of the refractive index within a heterogeneous medium. Other scat-
tering processes, as for instance the Raman effect and the Brillouin scattering,
also change the wavelength (i.e., the energy) of the incident photon, but
these phenomena are rare in nature.

In this chapter, we will be interested in scattering caused by small par-
ticles that are dispersed in a homogeneous medium. Let us consider a thin
slice of thickness  of this scattering medium (see Figure 3.10). The varia-
tion  of the collimated light flux that crosses this slice is proportional to
the flux intensity  of the light beam and to the thickness  of the slice.

(3.24)

Yellow

450 500 550 600 650 700
nm

0.5

1

1.5

2

2.5
D

c = 0.5

c = 1.0

c = 1.5

c = 2.0

450 500 550 600 650 700
nm

0.2

0.4

0.6

0.8

1

T

c = 0.5
c = 1.0
c = 1.5
c = 2.0
c = 2.5

Figu re 3.8 Transmission and density spectra of a yellow ink at various concentra-
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Transmittance (1 - absorption) of three colored-ink at various concentrations (c).

I = I0e−ρQaAs

Digital Color Imaging Handbook, Gaurav Sharma
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Pure Scattering 
(from a single particle)
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Modeling Scattering

We need to model two aspects of scattering: 
• How much is light scattered. This is captured by scattering coefficient. 
• In which direction is a photon scattered. This is is captured by the so-called “phase 

function”. 

The general way to model scattering behavior amounts to solving Maxwell’s 
equations for scattering. It’s called the Mie solution. 

• “Gustav Mie is the last person to discover the scattering behavior that bears his name.” 

Importantly, people have worked out approximations under different 
conditions, using which we can readily explain many scattering behaviors.
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Modeling Scattering

We will first consider cases where a photon is scattered by one particle. 
• This happens when the particles are reasonably apart of each other. 

• A photon can be scattered by multiple particles if the particle concentration is high or 
when the material is thick. 

We will then see general cases of multiple scattering + absorption. 

We also assume elastic scattering, where scattered photon has the same 
wavelength as the incident photon. 

• There are inelastic scattering, which does happen in nature but we won’t consider here.
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Modeling Scattering

is called scattering 
coefficient: Unit: 1/m

I = I0e−ρQsAs

Scattering efficiency (unitless): the 
probability that a photon is actually 

back-scattered when it hits a particle.

μ = ρQsA

Cs = QsA is called effective 
scattering cross section 

Concentration Cross-section area

Distance traveled

Fig. 1. A slab of base area E and thickness Δs.

Δs

E
I I + ΔI

* even though here we assume a photon is 
scattered by only a single particle, multiple 

particles can be scattering different photons.
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Three Scattering Regimes

Small particles 
(relative size < 0.1 𝛌) 

Rayleigh regime

Large particles 
(relative size > 100 𝛌) 

Geometry regime

Medium particles 
[0.1 𝛌, 100 𝛌] 
Mie regime9.4 Absorption and scattering by gases and particles
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Figure 9.20 Single-particle absorption (Qa),
total scattering (Qs), and forward scattering
(Qf) efficiencies of soot particles (which con-
tain mostly black carbon) of different sizes at
λ = 0.50 µm (nλ = 1.94, κλ = 0.66). The effi-
ciency for soot at any other wavelength λ1 in
the visible or UV spectrum and diameter d1 is
the efficiency in the figure located at diameter
d = 0.5 µm × d1/λ1.
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Figure 9.21 Single-particle absorption (Qa),
total scattering (Qs), and forward scattering
(Qf) efficiencies of liquid water drops of dif-
ferent sizes at λ = 0.50 µm (nλ = 1.335, κλ =
1.0 × 10−9). The efficiency for water at any
other wavelength λ1 in the visible or UV spec-
trum and diameter d1 is the efficiency in the
figure located at diameter d = 0.5 µm × d1/λ1.

When a particle’s diameter is near the wavelength of light (0.03λ < di < 32λ or
0.1 < αi,λ < 100), the particle is in the Mie regime. In this regime, absorption and
scattering efficiencies are approximated with Mie’s solution to Maxwell’s equa-
tions. The scattering efficiency of a particle in the Mie regime is determined by

Qs,i,λ = 2
αi,λ

∞∑

k =1

(2k + 1)(|ak |2 + |bk |2) (9.47)

307
�  :��  195�9�3 ������	 �
��	
��������
�������!065���1�98658��0#��/70�513��.85"���5 #������

Soot particle 
scattering 500 
nm photons

Fundamentals of Atmospheric Modeling 2ed, Jacobson
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Figure 9.21 Single-particle absorption (Qa),
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When a particle’s diameter is near the wavelength of light (0.03λ < di < 32λ or
0.1 < αi,λ < 100), the particle is in the Mie regime. In this regime, absorption and
scattering efficiencies are approximated with Mie’s solution to Maxwell’s equa-
tions. The scattering efficiency of a particle in the Mie regime is determined by
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Fundamentals of Atmospheric Modeling 2ed, Jacobson
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General Trends

Scattering efficiency 
• Small particles scatter little; large particles 

scatter a lot. 

Scattering direction 
• Small particles scatter lights both forward and 

backward. 

• More forward direction as particle size increases.

9.4 Absorption and scattering by gases and particles
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Figure 9.21 Single-particle absorption (Qa),
total scattering (Qs), and forward scattering
(Qf) efficiencies of liquid water drops of dif-
ferent sizes at λ = 0.50 µm (nλ = 1.335, κλ =
1.0 × 10−9). The efficiency for water at any
other wavelength λ1 in the visible or UV spec-
trum and diameter d1 is the efficiency in the
figure located at diameter d = 0.5 µm × d1/λ1.

When a particle’s diameter is near the wavelength of light (0.03λ < di < 32λ or
0.1 < αi,λ < 100), the particle is in the Mie regime. In this regime, absorption and
scattering efficiencies are approximated with Mie’s solution to Maxwell’s equa-
tions. The scattering efficiency of a particle in the Mie regime is determined by

Qs,i,λ = 2
αi,λ

∞∑

k =1

(2k + 1)(|ak |2 + |bk |2) (9.47)

307
�  :��  195�9�3 ������	 �
��	
��������
�������!065���1�98658��0#��/70�513��.85"���5 #������

Qs: Scattering efficiency

Qf: Forward scattering 
efficiency. Qf/Qs shows how 

much light is scattered forward.

Fundamentals of Atmospheric Modeling 2ed, Jacobson
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Scattering vs. Size

Digital Color Imaging Handbook, Gaurav Sharma

192 Digital Color Imaging Handbook

3.5.3 Multiple scattering

In the framework of the Rayleigh and the Mie theory, we assumed that the
scattering particles are independent; i.e., the light scattered by one particle
does not interact with other particles. With diminishing distance between
the particles or increasing thickness of the medium, this assumption no
longer holds, and single scattering gives way to multiple scattering. It can
be shown that, for a sufficient number of particles, regardless of the scattering
law used, an isotropic distribution ultimately arises.20 With multiple scatter-
ing, the characteristic properties of single scattering disappear more or less
rapidly according to the given conditions.
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3.5.3 Multiple scattering

In the framework of the Rayleigh and the Mie theory, we assumed that the
scattering particles are independent; i.e., the light scattered by one particle
does not interact with other particles. With diminishing distance between
the particles or increasing thickness of the medium, this assumption no
longer holds, and single scattering gives way to multiple scattering. It can
be shown that, for a sufficient number of particles, regardless of the scattering
law used, an isotropic distribution ultimately arises.20 With multiple scatter-
ing, the characteristic properties of single scattering disappear more or less
rapidly according to the given conditions.
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3.5.3 Multiple scattering

In the framework of the Rayleigh and the Mie theory, we assumed that the
scattering particles are independent; i.e., the light scattered by one particle
does not interact with other particles. With diminishing distance between
the particles or increasing thickness of the medium, this assumption no
longer holds, and single scattering gives way to multiple scattering. It can
be shown that, for a sufficient number of particles, regardless of the scattering
law used, an isotropic distribution ultimately arises.20 With multiple scatter-
ing, the characteristic properties of single scattering disappear more or less
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r = 40 nm 
(<0.1 𝛌)

r = 80 nm 
(0.16 𝛌)

r = 120 nm 
(0.24 𝛌)

Spherical gold particle scattering 500 nm photons. 

As particle size increases 
• significantly more forward scattering + higher scattering efficiency



�32

Scattering vs. Size

Colour and the Optical Properties of Materials 3ed, Tilley

Scattering 550 nm photons. 

As particle size increases 
• significantly more forward scattering + higher scattering efficiencyOn the other hand, the power of theMie theory is that it allows the scattering to be evaluated via a calculation

of the cross-sections for extinction Ce, scattering Cs and absorption Ca, where:

Ce ¼ Cs þCa

When absorption can be ignored:
Ce ¼ Cs

These figures are often presented as efficiencies, or efficiency factors, Q:

Qe ¼
Ce

G
Qs ¼

Cs

G
Qa ¼

Ca

G

whereG is the geometrical cross-sectional area of the particle projected onto the beam direction. For spherical
particles, G¼ pa2, where a is the sphere radius.
The attenuation of a beam of light given by Equation 1.7:

Ix ¼ Io expð$aexÞ

can be expressed in terms of the extinction cross-section as:

Ix ¼ Io expð$NvCexÞ ð5:3Þ

and in the case where only scattering is important as:

Ix ¼ Io expð$NvCsxÞ

where Nv is the number of extinction (scattering, absorption) centres per unit volume. These equations can be
written in terms efficiency factors, which, for spherical particles, are:

Ix ¼ Io expð$Nvpr2QexÞ

Ix ¼ Io expð$Nvpr2QsxÞ
ð5:4Þ

1.01.0
1000 nmparticle radius =  500 nm

(d) (e)

0.10.10.1
100 nmparticle radius =  50 nm

(c)(b)(a)

10 nm

Figure 5.13 Mie scattering patterns for light of wavelength 550 nm from nonabsorbing particles of increasing
radius with a refractive index of 1.5, in air. The scattered irradiance is proportional to the length of the arrows.
Scale bars indicate the extent of scattering. Note that the scale in (d) and (e) is 10& that of the scale in (a)–(c)
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whereG is the geometrical cross-sectional area of the particle projected onto the beam direction. For spherical
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The attenuation of a beam of light given by Equation 1.7:

Ix ¼ Io expð$aexÞ

can be expressed in terms of the extinction cross-section as:
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Length is proportional to scattering efficiency

~0.02 𝛌 ~0.1 𝛌 ~0.18 𝛌 ~0.91 𝛌 ~1.82 𝛌
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High scattering efficiencyLow scattering efficiency

Mostly forward scattering
Even backward and 
forward scattering

Small cross section area Large cross section area

On the other hand, the power of theMie theory is that it allows the scattering to be evaluated via a calculation
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When absorption can be ignored:
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These figures are often presented as efficiencies, or efficiency factors, Q:
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whereG is the geometrical cross-sectional area of the particle projected onto the beam direction. For spherical
particles, G¼ pa2, where a is the sphere radius.
The attenuation of a beam of light given by Equation 1.7:

Ix ¼ Io expð$aexÞ

can be expressed in terms of the extinction cross-section as:

Ix ¼ Io expð$NvCexÞ ð5:3Þ

and in the case where only scattering is important as:

Ix ¼ Io expð$NvCsxÞ

where Nv is the number of extinction (scattering, absorption) centres per unit volume. These equations can be
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On the other hand, the power of theMie theory is that it allows the scattering to be evaluated via a calculation
of the cross-sections for extinction Ce, scattering Cs and absorption Ca, where:

Ce ¼ Cs þCa

When absorption can be ignored:
Ce ¼ Cs

These figures are often presented as efficiencies, or efficiency factors, Q:

Qe ¼
Ce

G
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Ca
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whereG is the geometrical cross-sectional area of the particle projected onto the beam direction. For spherical
particles, G¼ pa2, where a is the sphere radius.
The attenuation of a beam of light given by Equation 1.7:

Ix ¼ Io expð$aexÞ

can be expressed in terms of the extinction cross-section as:

Ix ¼ Io expð$NvCexÞ ð5:3Þ

and in the case where only scattering is important as:

Ix ¼ Io expð$NvCsxÞ

where Nv is the number of extinction (scattering, absorption) centres per unit volume. These equations can be
written in terms efficiency factors, which, for spherical particles, are:
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Length is proportional to scattering efficiency

Small Large

Colour and the Optical Properties of Materials 3ed, Tilley

Increase 
transparency
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High scattering efficiencyLow scattering efficiency

Mostly forward scattering
Even backward and 
forward scattering

Small cross section area Large cross section area

On the other hand, the power of theMie theory is that it allows the scattering to be evaluated via a calculation
of the cross-sections for extinction Ce, scattering Cs and absorption Ca, where:

Ce ¼ Cs þCa

When absorption can be ignored:
Ce ¼ Cs

These figures are often presented as efficiencies, or efficiency factors, Q:
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Qs ¼
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Qa ¼
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whereG is the geometrical cross-sectional area of the particle projected onto the beam direction. For spherical
particles, G¼ pa2, where a is the sphere radius.
The attenuation of a beam of light given by Equation 1.7:

Ix ¼ Io expð$aexÞ

can be expressed in terms of the extinction cross-section as:

Ix ¼ Io expð$NvCexÞ ð5:3Þ

and in the case where only scattering is important as:

Ix ¼ Io expð$NvCsxÞ
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On the other hand, the power of theMie theory is that it allows the scattering to be evaluated via a calculation
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whereG is the geometrical cross-sectional area of the particle projected onto the beam direction. For spherical
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The attenuation of a beam of light given by Equation 1.7:
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can be expressed in terms of the extinction cross-section as:

Ix ¼ Io expð$NvCexÞ ð5:3Þ

and in the case where only scattering is important as:
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where Nv is the number of extinction (scattering, absorption) centres per unit volume. These equations can be
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Length is proportional to scattering efficiency
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“Hiding Power” vs. Size

The Optics of Life, Johnsen

There is a sweet spot in particle 
size that provides the highest 
opacity (hiding light behind it). 

• Accidentally the sweet spot falls 
roughly within the visible range.

H
V

= QsA(1 − g) ∝
Qs(1 − g)

r
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“Hiding Power” vs. Size

The Optics of Life, Johnsenhttps://www.nytimes.com/2014/05/28/science/a-marine-magicians-vanishing-act.html

Hippopodius hippopus is normally transparent, but when disturbed its 
protein precipitate and form larger particles. It then becomes opaque.
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Impact of Refractive Index

m =
nparticle

nmedium

Part of scattering is caused by the refractive index mismatch 
between the particle and the surrounding medium. 

• Water droplets surrounded by air in fog; pigments surrounded by 
oil in paint, etc. 

• It’s the relative index, m,  between the particle and the medium 
that matters.

178 Digital Color Imaging Handbook

includes fluorescence and phosphorescence. A photoluminescent medium
produces light when excited with photons. An extended list of forms of
luminescence is given in Reference 6.

3.3 Reflection and refraction
The term reflection refers to all interaction processes of light with matter in
which the photons are sent back into the hemisphere of the incident light.
We distinguish between two types of reflection: specular reflection, which
occurs on smooth surfaces (where the irregularities are small compared to
the wavelength of the incident light), and diffuse reflection, which occurs on
rough surfaces. A beam of light incident on a smooth surface is re-emitted
as a well-defined beam, whereas, on a rough surface, it is re-emitted as a
multitude of rays emerging in different directions. We define the reflectance
spectrum (or reflection coefficient)  as the ratio of the reflected light flux
to the incident light flux for a given wavelength .

The term refraction refers to the change of direction of a light beam when
entering a medium in which the speed of light is different. Therefore, we
define the refractive index  of a given medium as the ratio of the speed of
light in empty space to the speed of light in the medium. For example, the
refractive index is  for water,  for crown glass, and

 for rutile ( ).7 A medium that also attenuates electromagnetic
waves has a complex refractive index , where  is the attenu-
ation index. For example, the complex refractive index is  for
aluminium,  for iron, and  for platinum.8
Note that, in a metal, light is so intensely attenuated that it can penetrate to
a depth of only a few hundred atoms.

3.3.1 Basic laws

Let us recall the basic laws of light refraction and light reflection. A light
beam that, with an incidence angle , hits a refractive surface that separates
two media of refractive indices  and  is partially reflected into the first
medium and partially refracted into the second medium (see Figure 3.4).
The incident beam, the reflected beam, and the refracted beam lie in the
same plane, called the plane of incidence. The reflected beam makes with the
normal to the surface the same angle  as the incident beam, whereas the

R λ( )
λ

n

n 1.33= n 1.52=
n 2.907= TiO2

n̂ n 1 iκ+( )= κ
n̂ 1.44 i5.23+=

n̂ 1.51 i1.63+= n̂ 2.63 i3.54+=

θ1

n1 n2

θ1θ1
n1

n2
θ2

Figure 3.4 Reflection and refraction of a light beam at a refractive surface. 

θ1
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n2

n1
=

sin θ1

sin θ2

Medium

Particle
Snell’s law

Nair ≈ 1
Nwater ≈ 1.33
Nglass ≈ 1.51

NSiO2 ≈ 1.46
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Aside: How Paints are Made
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Paint ~= Pigment + Binder

Pigment Binder

Binder (medium/vehicle) provides 
the adhesion needed to hold the 
pigments together. 

Usually some additives are added: 
• Glaze 

• Extender to increase durability 

• Glitter for shimmer



�40

Paint ~= Pigment + Binder

The incident lights are also reflected 
straight away at the air-medium 
surface (dashed lines) 

• We will ignore this for now and come 
back to it later 

Note that surface reflection is just the 
macroscopic behavior of photon 
scattering off of the binder particles 
(scattering with interference).
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Paint on Substrate

https://feltmagnet.com/painting/How-To-Choose-A-Canvas-For-Painting
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Paint on Substrate

The paint is applied to a substrate, 
e.g., a canvas or paper. The 
substrate is nothing more than 
another layer of scattering/
absorbing material. 

• We will show how layered material is 
modeled later.

https://feltmagnet.com/painting/How-To-Choose-A-Canvas-For-Painting



The Starry Night, Vincent van Gogh, 1889. MOMA.

�43

Mona Lisa, Leonardo Da Vinci, 1506. The Louvre.

Oil painting.  
Binder is (linseed) oil.
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The Birth of Venus, Sandro Botticelli, c 1485. Uffizi Galley, Florence.

Tempera painting. 
Binder is egg yolk.
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Mummy Portrait of a Woman, A.D. 100. Getty.Portrait of a Young Woman in Red, 
A.D. 90–120. The Met.

Encaustic painting.  
Binder is (bees)wax.
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Keep Moving Forward, Darien Bogarthttps://w
w

w.artistsnetw
ork.com

/art-m
edium

s/acrylic/25-acrylic-paintings-25-top-artists/

Artificial Nature, Jingyi Wang

Acrylic painting.  
Binder is “milk" + water.
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Stephen Quiller

https://w
w

w.outdoorpainter.com
/w

hat-is-casein-paint/

Casein painting.  
Binder is “milk" + water.
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The Blue Boat, Winslow Homer, 1892. Museum of Fine Arts, Boston.

https://artsandculture.google.com
/asset/the-blue-boat/CQ

F5aFRVgV7UTw
?hl=en

Casein painting.  
Binder is “milk" + water.

https://thepigmentplace.com/pages/making-a-gum-arabic-binder-for-watercolours

“Watercolor” painting.  
Binder is Gum Arabic + water.
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Pigment Size

https://www.handprint.com/HP/WCL/pigmt3.html#particlesize
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Disperse Pigments

Pigments are very tiny but 
usually agglomerate, which is 
the powders we buy. 

We need to separate the 
pigment particles from the 
agglomerates and disperse 
them into the binder.
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Back From Aside



Observations: 
• Large relative refractive index (m) 

increases scattering efficiency 

• When m is close to 1, very little 
scattering until closer to the 
geometric (large) regime 

• The scattering efficiency in the 
geometric regime is independent of 
refractive index m,

�55

Refractive Index vs. Scattering Efficiency
wavelength = 500 nm

Small Medium Large

The Optics of Life, Johnsen

m =
nparticle

nmedium
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Refractive Index vs. Scattering Direction

178 Digital Color Imaging Handbook

includes fluorescence and phosphorescence. A photoluminescent medium
produces light when excited with photons. An extended list of forms of
luminescence is given in Reference 6.

3.3 Reflection and refraction
The term reflection refers to all interaction processes of light with matter in
which the photons are sent back into the hemisphere of the incident light.
We distinguish between two types of reflection: specular reflection, which
occurs on smooth surfaces (where the irregularities are small compared to
the wavelength of the incident light), and diffuse reflection, which occurs on
rough surfaces. A beam of light incident on a smooth surface is re-emitted
as a well-defined beam, whereas, on a rough surface, it is re-emitted as a
multitude of rays emerging in different directions. We define the reflectance
spectrum (or reflection coefficient)  as the ratio of the reflected light flux
to the incident light flux for a given wavelength .

The term refraction refers to the change of direction of a light beam when
entering a medium in which the speed of light is different. Therefore, we
define the refractive index  of a given medium as the ratio of the speed of
light in empty space to the speed of light in the medium. For example, the
refractive index is  for water,  for crown glass, and

 for rutile ( ).7 A medium that also attenuates electromagnetic
waves has a complex refractive index , where  is the attenu-
ation index. For example, the complex refractive index is  for
aluminium,  for iron, and  for platinum.8
Note that, in a metal, light is so intensely attenuated that it can penetrate to
a depth of only a few hundred atoms.

3.3.1 Basic laws

Let us recall the basic laws of light refraction and light reflection. A light
beam that, with an incidence angle , hits a refractive surface that separates
two media of refractive indices  and  is partially reflected into the first
medium and partially refracted into the second medium (see Figure 3.4).
The incident beam, the reflected beam, and the refracted beam lie in the
same plane, called the plane of incidence. The reflected beam makes with the
normal to the surface the same angle  as the incident beam, whereas the

R λ( )
λ

n

n 1.33= n 1.52=
n 2.907= TiO2

n̂ n 1 iκ+( )= κ
n̂ 1.44 i5.23+=

n̂ 1.51 i1.63+= n̂ 2.63 i3.54+=

θ1

n1 n2

θ1θ1
n1

n2
θ2

Figure 3.4 Reflection and refraction of a light beam at a refractive surface. 

θ1
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n2

n1
=

sin θ1

sin θ2

Medium

Particle

As m approaches 1 (i.e., the refractive indices of the medium and particle 
become more similar), forward scattering is more significant. 

• Extreme case is when the medium and the particle are the same material, then 
scattering is completely forward (𝜽1 = 𝜽2)!



�57

Why Are Wet Things Darker?

Nair ≈ 1

Nwater ≈ 1.33

Dry = sand + air

Wet = sand + water

https://refractiveindex.info/?shelf=main&book=SiO2&page=Malitson

NSiO2 ≈ 1.46
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Why Are Wet Things Darker?

Nair ≈ 1

Nwater ≈ 1.33

Dry = sand + air

Wet = sand + water

https://refractiveindex.info/?shelf=main&book=SiO2&page=Malitsonhttps://www.cs.mcgill.ca/~rwest/wikispeedia/wpcd/wp/s/Sand.htm

The RI of sand is much closer to water than 
to air. So light scattered forward more and 
travels longer distance and has more 
opportunities to be absorbed. 

Note that scattering by sand is in the 
geometric regime (typical sand size is [62.5 𝜇m, 2 mm]), 
so scattering efficiency is high regardless of RI. 
The question is where photons scatter.
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The Miracles of Saint Francis of Paola, P. P. 
Rubens, 1627–8. J. Paul Getty Museum.
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The refractive index of the linseed oil in the paint increases 
over time and matches that of the pigment. The paint layer 
becomes transparent, revealing the pentimento underneath.
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Aside: Pentimento

The presence/emergence of earlier paints 
that have been painted over. 

• Painter changing mind (pentimento is from 
“pentirsi” in Italian, which means repentance) 

• Underdrawing 

Can be identified using imaging 
techniques (e.g., X-ray), or from paint 
composition changes (previous slide).

Portrait of Pope Julius II, Raphael, 
1511-1512. National Gallery, London.

https://www.nationalgallery.org.uk/research/research-resources/studying-raphael/studying-raphael-x-ray-examination



�61

ht
tp

s:
//

w
w

w.
pa

bl
op

ic
as

so
.o

rg
/o

ld
-g

ui
ta

ris
t.j

sp

The Old Guitarist, Pablo Picasso, 
1903-1904. The Art Institute of Chicago.
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Acrylic Paints Dry Dark

http://karenilaripainting.blogspot.com/2016/01/wet-vs-dry-acrylics-dry-darker-proof.html

Pigment

Binder

Water

https://justpaint.org/pigment-volume-concentration-and-its-role-in-color/

Wet Dry

Naphthol Red

Ultramarine Blue
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Acrylic Paints Dry Dark
Nwater ≈ 1.33 Nacrylic binder ≈ 1.49

Nultramarine−blue ≈ 1.50

Nnaphthol reds ≈ 1.60

Wet Dry

Naphthol Red

Ultramarine Blue

Data from: https://www.handprint.com/HP/WCL/pigmt3.html#refractiveindex

Reason: when water 
evaporates, the refractive 
indices of pigments and 
binder are closer, which 
encourages more forward 
scattering, which increases 
total absorption.
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General Scenarios 
(Absorption + Multiple Scattering)
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Multiple Scattering

So far we assume that a photon is either absorbed or scattered by at most 
one particle before entering our eyes. 

• Photon scattered by a particle will find its way out without encountering another 
scattering particle. 

With high particle concentration or a thick colorant layer, photons can be 
scattered by multiple particles and might later be absorbed. 

• A photon scattered might be later re-scattered. 

Multiple scattering + absorption is the common case in nature, arts, and tech.
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Solutions

Our goal is to estimate the (spectral) reflectance of a material (colorant) in the 
presence of multiple scattering and absorption. 

There are two approaches in general: 
• The general case amounts of solving the so-called Radiative Transfer Equations, for 

which analytical solutions are hard to obtained. 

• Again, we make simplifications to allow modeling special, but common cases.
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Radiative Transfer Equations

ω ⋅ ∇L(p, ω) = − σt(p, ω)L(p, ω) + σa(p, ω)Le(p, ω) + σs(p, ω)∫4π
p(p, ω, ωi)L(p, ωi)dωi

Absorption coefficient Emission Scattering coefficient

Phase function: radiance distribution 
at p from ωi to ω (the integration 

over ωi is normalized to 1)Extinction coefficient = absorption 
+ scattering coefficients

Incident radiance at p toward ω

Intuition: we account for the change of radiance at p along direction ω by 
• Removing the absorbed and out-scattered (extinction) portion of incident ray 

• Adding emission 

• Adding in-scattering (integrated over all directions)

Change of radiance at p toward 
ω (directional derivative)

https://en.wikipedia.org/wiki/Directional_derivative


BSSDF: Combining Surface and Volume Scattering
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Ren NgCS184/284A

▪ BSSRDF: generalization of BRDF; exitant radiance at one 
point due to incident differential irradiance at another point:

Scattering Functions

S(xi,!i, xo,!o)

▪ Generalization of rendering equation: integrating over all 
points on the surface and all directions (!)

L(xo,!o) =

Z

A

Z

H2

S(xi,!i, xo,!o)Li(xi,!i) cos ✓i d!i dA

BRDF BSSRDF
[Jensen et al. 2001]

Bidirectional Scattering Surface Reflectance Distribution Function (BSSRDF).

Lr(pr, ωr) = ∫A ∫Ω
fbssdf(pi, ωi → pr, ωr)Li(pi, ωi)cos θidωidA

Models how the irradiance of incident rays affects 
radiance of other rays at other spatial points.

Integrate over all points on the 
surface and from all directions 

https://graphics.stanford.edu/papers/bssrdf/bssrdf.pdf
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BRDF

[Jensen et al. 2001]
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BSSRDF

[Jensen et al. 2001]

Derive BSSRDF from radiative transfer equation 
based on diffusion theory and then use Monte 

Carlo integration to solve the integral equation.
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Perfect Diffuse Model

The assumptions we make are: 
• Particles have the same scattering and absorption coefficients (homogeneity) 

• Particles are randomly oriented (special case: they are all spheres) 

• Incident light is uniform at all directions at all surface points (diffuse illumination)
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Perfect Diffuse Model

Given the assumptions, there is no 
difference between different horizontal 
points (Y) at the same depth (X): the 
downward (and upward) flux for all Ys at 
the same X is the same. 

So the reflectance of any point is 
equivalent to the ratio of the total 
downward flux and the total upward flux 
at the depth where the point is.

294      COLOUR-MATCH PREDICTION FOR PIGMENTED MATERIALS
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6.1.2  Schuster–Kubelka–Munk theory of diffuse reflectance

An important part of colour physics is the prediction of the amount of light that a
surface will reflect or transmit at each wavelength from knowledge of the concentra-
tion of each colorant in the layer. A simple theory was presented by Kubelka and
Munk in 1931 [9], based on considerations developed in 1905 by Arthur Schuster [10],
an astrophysicist who studied the passage of light through scattering and absorbing lay-
ers. The application of the theory to prediction of reflectance has been reviewed by
Nobbs [11]. The treatment developed here refers to coating materials that contain
conventional pigments and excludes pigments with highly direction-dependent opti-
cal properties, such as metal flake pigments and the mica-based pigments that create
colour by exploiting interference effects.

Two fluxes
Schuster simplified the problem by considering the interaction of light with the layer
in terms of two fluxes of energy (Figures 6.1 and 6.2). The i energy flux includes all
light directions that have a component travelling towards the illuminated surface and
the j energy flux includes all light directions that have a component travelling away
from the illuminated surface. For most viewing conditions objects are illuminated from
above and as a result i and j are often termed the down flux and up flux respectively.

Illuminated
surface

 i flux

Illuminated
surface

j flux

Figure 6.1  Directions of light included in the i
energy flux

Figure 6.2  Directions of light included in the j
energy flux

Absorption and scattering coefficients
The interaction of the light within the layer is described by an absorption coefficient K
and a scattering coefficient S defined as follows. We consider a thin section of thick-
ness dx at a distance x from the illuminated surface of the layer. The intensity of the
two fluxes at this plane are ix and jx (Figure 6.3). Then K dx is the fractional amount of
light lost from a flux by absorption as it passes through the thickness dx, and S dx is the
fractional amount lost from a flux by scattering as it passes through the thickness dx.

The coefficients defined in this way are not the absorption and scattering extinction
coefficients of conventional spectroscopy. In particular the term ‘scattering’ is used to
imply a change in direction of a photon or light beam in a flux so that it is no longer
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ness dx at a distance x from the illuminated surface of the layer. The intensity of the
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The coefficients defined in this way are not the absorption and scattering extinction
coefficients of conventional spectroscopy. In particular the term ‘scattering’ is used to
imply a change in direction of a photon or light beam in a flux so that it is no longer
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Colour Physics for Industry, McDonald

Y
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Kubelka-Munk Equation

K: absorption coefficient 
S: back-scattering coefficient 
X: thickness

Chapter three: Physical models for color prediction 195

ness  (see Figure 3.13). The scattering is assumed to have an isotropic
distribution, as it results from multiple scattering (see Section 3.5.3). In 1931,
Kubelka and Munk22 proposed a reflection model based on two diffuse light
fluxes:  oriented downward and  oriented upward.

Let us analyze the variation of these fluxes when they cross a layer of
infinitesimal thickness dx. The  axis is oriented upward, and the origin is
set at the top of the substrate. Let  be the phenomenological absorption
coefficient corresponding to the fraction of the light flux absorbed by the
infinitesimal layer. Let  be the phenomenological scattering coefficient
corresponding to the fraction of the light flux that is scattered backward by
the infinitesimal layer.

We first analyze the variation of  when it crosses the layer. The flux
 is reduced due to absorption within the infinitesimal layer by an amount

, and the backscattering further reduces the flux by an amount
. However, the flux  is increased by the light that is backscattered

when the flux  crosses the same layer: dx. Putting these elements
together leads to the following equation:

(3.46)

The same analysis performed for the flux  leads to a similar relation
(notice the orientations along the vertical -axis).

(3.47)

Note that, in a transparent medium,  equals 0, and differential Equations
3.46 and 3.47 lead to Beer’s law for diffuse light (Equation 3.23). 

X

i(x)

j(x)

dx

X

Substrate of reflectance ρg

Figu re 3.13 Light-absorbing and light-scattering medium of thickness X that is in
optical contact with a substrate of reflectance ρg. The medium is divided into parallel
layers of infinitesimal thickness dx. Note that two fluxes are considered: i(x), which
is oriented downward, and j(x), which is oriented upward. 

i x( ) j x( )

x 
K

S 

j x( )
j x( )
K j  x( )dx
S j  x( )dx j x( )

i x( ) Si x( )

d j x( )
dx

------------ K S+( ) j x( )– Si x( )+=

i x( )
x

di x( )
dx

------------ K S+( )i x( ) S j x( )–=

S
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iX jX

Rg

Digital Color Imaging Handbook, Gaurav Sharma

ix

jx

Total downward flux at the top of the layer

Total upward flux at the bottom of the layer



Flux scattered 
downward from j

Flux scattered 
upward from iFlux absorbedTotal downward 

flux gained
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Kubelka-Munk Equation

dix = − Kixdx − Sixdx + Sjxdx

Boundary 
conditions:

Rg =
j0
i0

Reflectance 
of the layer:

RX =
jX
iX

K: absorption coefficient 
S: back-scattering coefficient 
X: thickness

Chapter three: Physical models for color prediction 195

ness  (see Figure 3.13). The scattering is assumed to have an isotropic
distribution, as it results from multiple scattering (see Section 3.5.3). In 1931,
Kubelka and Munk22 proposed a reflection model based on two diffuse light
fluxes:  oriented downward and  oriented upward.

Let us analyze the variation of these fluxes when they cross a layer of
infinitesimal thickness dx. The  axis is oriented upward, and the origin is
set at the top of the substrate. Let  be the phenomenological absorption
coefficient corresponding to the fraction of the light flux absorbed by the
infinitesimal layer. Let  be the phenomenological scattering coefficient
corresponding to the fraction of the light flux that is scattered backward by
the infinitesimal layer.

We first analyze the variation of  when it crosses the layer. The flux
 is reduced due to absorption within the infinitesimal layer by an amount

, and the backscattering further reduces the flux by an amount
. However, the flux  is increased by the light that is backscattered

when the flux  crosses the same layer: dx. Putting these elements
together leads to the following equation:

(3.46)

The same analysis performed for the flux  leads to a similar relation
(notice the orientations along the vertical -axis).

(3.47)

Note that, in a transparent medium,  equals 0, and differential Equations
3.46 and 3.47 lead to Beer’s law for diffuse light (Equation 3.23). 

X

i(x)

j(x)

dx

X

Substrate of reflectance ρg

Figu re 3.13 Light-absorbing and light-scattering medium of thickness X that is in
optical contact with a substrate of reflectance ρg. The medium is divided into parallel
layers of infinitesimal thickness dx. Note that two fluxes are considered: i(x), which
is oriented downward, and j(x), which is oriented upward. 

i x( ) j x( )

x 
K

S 

j x( )
j x( )
K j  x( )dx
S j  x( )dx j x( )

i x( ) Si x( )

d j x( )
dx

------------ K S+( ) j x( )– Si x( )+=

i x( )
x

di x( )
dx

------------ K S+( )i x( ) S j x( )–=

S
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iX jX

Rg

Digital Color Imaging Handbook, Gaurav Sharma

−djx = − Kjxdx − Sjxdx + Sixdx
ix

jx

This is what we want to calculate!
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Kubelka-Munk Equation: General Solution

RX =
1 − Rg[a − b coth(bSX)]

a − Rg + b coth(bSX)

Reflectance depends on: 
• Layer thickness X 

• Absorption and scattering coefficients K and S 

• Background reflectance: Rg

Chapter three: Physical models for color prediction 195

ness  (see Figure 3.13). The scattering is assumed to have an isotropic
distribution, as it results from multiple scattering (see Section 3.5.3). In 1931,
Kubelka and Munk22 proposed a reflection model based on two diffuse light
fluxes:  oriented downward and  oriented upward.

Let us analyze the variation of these fluxes when they cross a layer of
infinitesimal thickness dx. The  axis is oriented upward, and the origin is
set at the top of the substrate. Let  be the phenomenological absorption
coefficient corresponding to the fraction of the light flux absorbed by the
infinitesimal layer. Let  be the phenomenological scattering coefficient
corresponding to the fraction of the light flux that is scattered backward by
the infinitesimal layer.

We first analyze the variation of  when it crosses the layer. The flux
 is reduced due to absorption within the infinitesimal layer by an amount

, and the backscattering further reduces the flux by an amount
. However, the flux  is increased by the light that is backscattered

when the flux  crosses the same layer: dx. Putting these elements
together leads to the following equation:

(3.46)

The same analysis performed for the flux  leads to a similar relation
(notice the orientations along the vertical -axis).

(3.47)

Note that, in a transparent medium,  equals 0, and differential Equations
3.46 and 3.47 lead to Beer’s law for diffuse light (Equation 3.23). 

X

i(x)

j(x)

dx

X

Substrate of reflectance ρg

Figu re 3.13 Light-absorbing and light-scattering medium of thickness X that is in
optical contact with a substrate of reflectance ρg. The medium is divided into parallel
layers of infinitesimal thickness dx. Note that two fluxes are considered: i(x), which
is oriented downward, and j(x), which is oriented upward. 

i x( ) j x( )
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i x( ) Si x( )
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iX jX

Rg

a =
K + S

S b = a2 − 1 coth x =
e2x + 1
e2x − 1

ix

jx



% of photons left after 
they reach the top again

% of photons left after 
they reach the bottom
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Kubelka-Munk Equation: No Scattering

Chapter three: Physical models for color prediction 195

ness  (see Figure 3.13). The scattering is assumed to have an isotropic
distribution, as it results from multiple scattering (see Section 3.5.3). In 1931,
Kubelka and Munk22 proposed a reflection model based on two diffuse light
fluxes:  oriented downward and  oriented upward.

Let us analyze the variation of these fluxes when they cross a layer of
infinitesimal thickness dx. The  axis is oriented upward, and the origin is
set at the top of the substrate. Let  be the phenomenological absorption
coefficient corresponding to the fraction of the light flux absorbed by the
infinitesimal layer. Let  be the phenomenological scattering coefficient
corresponding to the fraction of the light flux that is scattered backward by
the infinitesimal layer.

We first analyze the variation of  when it crosses the layer. The flux
 is reduced due to absorption within the infinitesimal layer by an amount

, and the backscattering further reduces the flux by an amount
. However, the flux  is increased by the light that is backscattered

when the flux  crosses the same layer: dx. Putting these elements
together leads to the following equation:

(3.46)

The same analysis performed for the flux  leads to a similar relation
(notice the orientations along the vertical -axis).

(3.47)

Note that, in a transparent medium,  equals 0, and differential Equations
3.46 and 3.47 lead to Beer’s law for diffuse light (Equation 3.23). 

X

i(x)

j(x)

dx

X

Substrate of reflectance ρg

Figu re 3.13 Light-absorbing and light-scattering medium of thickness X that is in
optical contact with a substrate of reflectance ρg. The medium is divided into parallel
layers of infinitesimal thickness dx. Note that two fluxes are considered: i(x), which
is oriented downward, and j(x), which is oriented upward. 
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RX = Rge−2KX = e−KX Rg e−KX
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Kubelka-Munk Equation: No Substrate

RX =
1

a + b coth(bSX)

Substrate reflectance Rg is 0 now. Alternatively 
this can thought of as having a black substrate. 
The effect is the same: whatever gets out of the 
layer never comes back.
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ness  (see Figure 3.13). The scattering is assumed to have an isotropic
distribution, as it results from multiple scattering (see Section 3.5.3). In 1931,
Kubelka and Munk22 proposed a reflection model based on two diffuse light
fluxes:  oriented downward and  oriented upward.

Let us analyze the variation of these fluxes when they cross a layer of
infinitesimal thickness dx. The  axis is oriented upward, and the origin is
set at the top of the substrate. Let  be the phenomenological absorption
coefficient corresponding to the fraction of the light flux absorbed by the
infinitesimal layer. Let  be the phenomenological scattering coefficient
corresponding to the fraction of the light flux that is scattered backward by
the infinitesimal layer.

We first analyze the variation of  when it crosses the layer. The flux
 is reduced due to absorption within the infinitesimal layer by an amount

, and the backscattering further reduces the flux by an amount
. However, the flux  is increased by the light that is backscattered

when the flux  crosses the same layer: dx. Putting these elements
together leads to the following equation:

(3.46)

The same analysis performed for the flux  leads to a similar relation
(notice the orientations along the vertical -axis).

(3.47)

Note that, in a transparent medium,  equals 0, and differential Equations
3.46 and 3.47 lead to Beer’s law for diffuse light (Equation 3.23). 

X

i(x)

j(x)

dx

X

Substrate of reflectance ρg

Figu re 3.13 Light-absorbing and light-scattering medium of thickness X that is in
optical contact with a substrate of reflectance ρg. The medium is divided into parallel
layers of infinitesimal thickness dx. Note that two fluxes are considered: i(x), which
is oriented downward, and j(x), which is oriented upward. 
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Kubelka-Munk Equation: Complete Hiding
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ness  (see Figure 3.13). The scattering is assumed to have an isotropic
distribution, as it results from multiple scattering (see Section 3.5.3). In 1931,
Kubelka and Munk22 proposed a reflection model based on two diffuse light
fluxes:  oriented downward and  oriented upward.

Let us analyze the variation of these fluxes when they cross a layer of
infinitesimal thickness dx. The  axis is oriented upward, and the origin is
set at the top of the substrate. Let  be the phenomenological absorption
coefficient corresponding to the fraction of the light flux absorbed by the
infinitesimal layer. Let  be the phenomenological scattering coefficient
corresponding to the fraction of the light flux that is scattered backward by
the infinitesimal layer.

We first analyze the variation of  when it crosses the layer. The flux
 is reduced due to absorption within the infinitesimal layer by an amount

, and the backscattering further reduces the flux by an amount
. However, the flux  is increased by the light that is backscattered

when the flux  crosses the same layer: dx. Putting these elements
together leads to the following equation:

(3.46)

The same analysis performed for the flux  leads to a similar relation
(notice the orientations along the vertical -axis).

(3.47)

Note that, in a transparent medium,  equals 0, and differential Equations
3.46 and 3.47 lead to Beer’s law for diffuse light (Equation 3.23). 

X
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j(x)

dx

X

Substrate of reflectance ρg

Figu re 3.13 Light-absorbing and light-scattering medium of thickness X that is in
optical contact with a substrate of reflectance ρg. The medium is divided into parallel
layers of infinitesimal thickness dx. Note that two fluxes are considered: i(x), which
is oriented downward, and j(x), which is oriented upward. 
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iX jX

Rg

K
S

=
(1 − R∞)2

2R∞
lim

X→∞
RX = R∞ =

1
a + b

= 1 +
K
S

− ( K
S )

2
+ 2

K
S

When the layer is so thick that the background 
reflectance is irrelevant, the resulting reflectance 
depends only on the absorption and scattering 
coefficients. 

We say the “hiding is complete”.

ix

jx
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Hiding Power in Painting

In paint industry, the way they quantify hiding 
power is to see how the surface reflectance 
changes when the background is white vs. black. 

If the layer’s hiding is complete, the reflectance 
ratio should 1, i.e., the background color doesn’t 
matter and the colorant is opaque.
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ness  (see Figure 3.13). The scattering is assumed to have an isotropic
distribution, as it results from multiple scattering (see Section 3.5.3). In 1931,
Kubelka and Munk22 proposed a reflection model based on two diffuse light
fluxes:  oriented downward and  oriented upward.

Let us analyze the variation of these fluxes when they cross a layer of
infinitesimal thickness dx. The  axis is oriented upward, and the origin is
set at the top of the substrate. Let  be the phenomenological absorption
coefficient corresponding to the fraction of the light flux absorbed by the
infinitesimal layer. Let  be the phenomenological scattering coefficient
corresponding to the fraction of the light flux that is scattered backward by
the infinitesimal layer.

We first analyze the variation of  when it crosses the layer. The flux
 is reduced due to absorption within the infinitesimal layer by an amount

, and the backscattering further reduces the flux by an amount
. However, the flux  is increased by the light that is backscattered

when the flux  crosses the same layer: dx. Putting these elements
together leads to the following equation:

(3.46)

The same analysis performed for the flux  leads to a similar relation
(notice the orientations along the vertical -axis).

(3.47)

Note that, in a transparent medium,  equals 0, and differential Equations
3.46 and 3.47 lead to Beer’s law for diffuse light (Equation 3.23). 

X
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dx

X

Substrate of reflectance ρg

Figu re 3.13 Light-absorbing and light-scattering medium of thickness X that is in
optical contact with a substrate of reflectance ρg. The medium is divided into parallel
layers of infinitesimal thickness dx. Note that two fluxes are considered: i(x), which
is oriented downward, and j(x), which is oriented upward. 
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iX jX

Rg

HP =
Rblack

Rwhite

Reflectance when 
substrate is black.

Reflectance when 
substrate is white.

ix

jx



�80

Reflectance vs. Concentration

When hiding is complete, the reflectance of the colorant doesn’t depend on 
the concentration. 

• Until when critical concentration is reached, where the assumptions of K-M model break.

K
S

=
(1 − R∞)2

2R∞

https://justpaint.org/pigment-volume-concentration-and-its-role-in-color/
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Surface Reflection
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Considering Surface Reflection

Digital Color Imaging Handbook, Gaurav Sharma

So far we have ignored reflection and refraction at the air/medium interface. 
• Note that reflection and refraction are just macroscopic behaviors of light scattering (with 

interference) off of surface particles. We can reason about it using geometric optics, 
since a colorant is large enough for that.
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A similar calculation allows us to relate  to the scattering coefficient .
Because the scattering in the medium is assumed to have an isotropic dis-
tribution, the scattering coefficient must be divided by two, because 
accounts only for backward-scattered light. Hence, we obtain from Equations
3.25 and 3.26,

(3.64)

3.6.3 Surface phenomena and Saunderson correction
In the Kubelka–Munk theory, the diffuse reflector is modeled by a light-
absorbing and light-scattering medium in optical contact with a substrate
that is supposed to be a Lambertian30 reflector of reflectance . In a medium
having a refractive index  different from that of air, surface reflection and
multiple internal reflections occur31 as shown in Figure 3.14. As a conse-
quence, the reflectances prevailing in a medium of refractive index  can
differ greatly from the reflectances measured at its surface. Traditionally, this
is taken into account by applying the Saunderson correction32 to the com-
puted spectrum. In this section, we write the Saunderson correction in matrix
form, to be applied to Equation 3.50. 

Let us denote by  the incident flux on the external surface of the paper
and by  the flux emerging from the paper. Let  be the fraction of diffuse
light reflected by the air-medium interface (external surface of the reflector),
and let  be the fraction of diffuse light reflected internally by the
air–medium interface (internal surface of the medium); see Figure 3.15.
According to Equations 3.13 and 3.14, the values of  and  depend only
on the refractive index  of the medium. Judd11 has computed their numer-
ical values for a large number of refractive indices (see Table 3.1). 

The balance of the fluxes at the air–medium interface, as shown in
Figure 3.15, leads to the following system of equations for i(X), the incident
flux below the air–medium interface, and for j, the emerging flux above the
air–medium interface:

S σ λ( )

S

S 2 10ln σ λ( )
2

----------⋅ c⋅ N A c πr2 χsc λ( )⋅ ⋅ ⋅= =

ρg

n

Air

Substrate: 
Diffuse reflector

Medium of
refractive index n

Figu re 3.14 Surface reflection and multiple internal reflections caused by the inter-
face between the air and the medium.

n

i
j rs

ri 

rs ri

n
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Air

Colorant 
(medium+particle)

Substrate 
(or another layer)

Some lights are reflected right away

Only refracted lights undergo 
scattering/absorption with 

particles under surface

Some lights will be 
turned away by the 
surface from inside
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Reflectance = Surface Reflection + Back Scattering

Digital Color Imaging Handbook, Gaurav Sharma

The overall reflection is made up of both surface reflection (photons turned 
away right at the interface) and back-scattering from photon-particle 
interactions under the surface (usually called sub-surface scattering).
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A similar calculation allows us to relate  to the scattering coefficient .
Because the scattering in the medium is assumed to have an isotropic dis-
tribution, the scattering coefficient must be divided by two, because 
accounts only for backward-scattered light. Hence, we obtain from Equations
3.25 and 3.26,

(3.64)

3.6.3 Surface phenomena and Saunderson correction
In the Kubelka–Munk theory, the diffuse reflector is modeled by a light-
absorbing and light-scattering medium in optical contact with a substrate
that is supposed to be a Lambertian30 reflector of reflectance . In a medium
having a refractive index  different from that of air, surface reflection and
multiple internal reflections occur31 as shown in Figure 3.14. As a conse-
quence, the reflectances prevailing in a medium of refractive index  can
differ greatly from the reflectances measured at its surface. Traditionally, this
is taken into account by applying the Saunderson correction32 to the com-
puted spectrum. In this section, we write the Saunderson correction in matrix
form, to be applied to Equation 3.50. 

Let us denote by  the incident flux on the external surface of the paper
and by  the flux emerging from the paper. Let  be the fraction of diffuse
light reflected by the air-medium interface (external surface of the reflector),
and let  be the fraction of diffuse light reflected internally by the
air–medium interface (internal surface of the medium); see Figure 3.15.
According to Equations 3.13 and 3.14, the values of  and  depend only
on the refractive index  of the medium. Judd11 has computed their numer-
ical values for a large number of refractive indices (see Table 3.1). 

The balance of the fluxes at the air–medium interface, as shown in
Figure 3.15, leads to the following system of equations for i(X), the incident
flux below the air–medium interface, and for j, the emerging flux above the
air–medium interface:

S σ λ( )

S

S 2 10ln σ λ( )
2

----------⋅ c⋅ N A c πr2 χsc λ( )⋅ ⋅ ⋅= =

ρg

n

Air

Substrate: 
Diffuse reflector

Medium of
refractive index n

Figu re 3.14 Surface reflection and multiple internal reflections caused by the inter-
face between the air and the medium.
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Reflectance (calculated from K-M) 
without considering surface reflection
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K-M Model With Surface Reflection Correction

Digital Color Imaging Handbook, Gaurav Sharma

R = rs +
(1 − rs)(1 − ri) RX

1 − ri RX

200 Digital Color Imaging Handbook

(3.65)

Assuming that the refractive index of the medium is constant over the
whole visible range of wavelengths,  and  are also constant. Hence,
Equation 3.65 can be written in the following matrix form:

(3.66)

We call the matrix in Equation 3.66 the Saunderson correction matrix. Note
that this correction matrix can be generalized for any interface between a
medium of refractive index  and a medium of refractive index . Accord-
ing to Section 3.3.2, the values of  and  are then given by

 and (3.67)

The Saunderson correction is obtained by combining Equations 3.66 and 3.50.

(3.68)

1 rs–( )i

j X( )
                             ⎧ ⎪ ⎪ ⎨ ⎪ ⎪ ⎩

                i X( )

1 ri–( ) j X( )i

Interface

ri j X( )

rsiAir

Medium of
refractive
index n

       j

                             

⎧⎪⎪⎪⎨⎪⎪⎪⎩

Figu re 3.15 External and internal reflections of the upward and downward fluxes
on the air–medium interface. 
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This is called the Saunderson correction
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K-M Model With Surface Reflection Correction
307

Contents Home

    
R =

ρ − re

teti + ri(ρ − re)
(6.35)

Figure 6.14  Calculated relationship between measured and body (or true) reflectance for a
coating of refractive index 1.5

The relationship between the true and the measured reflectance for these values of
the coefficients is plotted in Figure 6.14. This shows that the partial reflection at the
surface can have a considerable effect on the measured reflectance, the effect being
greatest at a true reflectance of about 60% which would be reduced by the interface to
a measured value of 40%.

Eqn 6.34 can be rearranged to allow the calculation of the true or body reflectance
from the measured value (Eqn 6.35):

It is the body reflectance R that is used in all calculations involving the Schuster–
Kubelka–Munk theory.

6.4  DATABASE CALIBRATION OF OPAQUE LAYERS

Practical application of the Schuster–Kubelka–Munk theory depends on the ability to
determine K and S values. This can be done by the preparation of calibration panels
and their measurement on an appropriate reflectance spectrophotometer.

The assumptions of the Schuster–Kubelka–Munk theory are most closely met by
instruments that use an integrating sphere measurement head. These devices provide
either diffuse illumination or diffuse observation, depending on the details of the opti-
cal arrangement. The two-flux theory assumes both a diffuse illumination and a diffuse
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DATABASE CALIBRATION OF OPAQUE LAYERS

Colour Physics for Industry, McDonald

Refractive index = 1.5

Actual reflectance is weakened 
by surface reflectance in this case

Using Fresnel equation 
• rs is 0.092 for diffuse light and 

0.04 for when incident lights are 
perpendicular to the surface. 

• ri is 0.06 for when the internal 
lights crossing the interface are 
diffuse. 

In practice, parameters are fit 
with observations, just like 
other parameters in K-M model.
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Material Classification

In graphics, material is mainly classified into two categories. 
• Those that can modeled by considering only surface reflection: absorption efficiency of 

sub-surface particles is so high that back-scattering contributes little to reflectance. 

• Those where sub-surface scattering must be modeled. In graphics, people say: 
- “modeling translucent material must consider sub-surface scattering” 

- “sub-surface scattering is caused by photons exiting at a point different from the incident point” 

A big part of photorealistic rendering is material modeling. It’s always a trade-
off between rendering time vs. realism. 

• But note that you don’t have to be physically correct, just need to be photorealistic.



�87http://www.iryoku.com/screen-space-subsurface-scatteringhttps://www.artstation.com/artwork/krBgKhttps://docs.chaos.com/display/VMAX/VRayFastSSS2



Modeling Surface

Surface reflection is modeled by the 
“roughness” of the surface. 

• Rough surfaces can be modeled as a collection of 
small mirrors or “microfacets”. 

Surface types: 
• Purely reflective. No roughness; perfect mirror. 

• Glossy (shiny). Microfacet orientations are similar 
but not the same. 

• Diffuse (matte). Lights reflected multiple times 
between “micro-mirrors”. Result: reflecting evenly 
to all angles regardless incident angle.

�88

Mirror

Glossy/Shiny

Diffuse

What’s this type?



Surface Types

�89Improved Diffuse Reflection Models for Computer Vision, IJCV 1998

Mirror/Glass (Specular) Glossy (Specular) Diffuse (Not Specular)

https://en.wikipedia.org/wiki/Specular_reflection https://en.wikipedia.org/wiki/Reflection_(physics) https://en.wikipedia.org/wiki/Bidirectional_reflectance_distribution_function

https://en.wikipedia.org/wiki/Specular_reflection
https://en.wikipedia.org/wiki/Reflection_(physics)
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Puzzle

http://modernistencaustic.com/portfolio-items/pigment-science/https://www.tenroadsglass.com/products/grinding-glass-beads.html
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Layering vs. Mixing
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Layering

R1 =
1 − Rg[a1 − b1 coth(b1S1X1)]

a1 − Rg + b1 coth(b1S1X1)

R2 =
1

a2 + b2 coth(b2S2X2)

* Ignoring Saunderson correction here
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Mixing

RX =
1 − Rg[a − b coth(bSX)]

a − Rg + b coth(bSX)
a =

K + S
S b = a2 − 1 coth x =

e2x + 1
e2x − 1

K = ∑i
Ki ci

S = ∑i
Si ci

Absorption and scattering 
coefficients of each pigment

Relative concentration 
of each pigment
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Mixing When Hiding is Complete

K
S

=
∑i Ki ci

∑i Si ci
=

(1 − R∞)2

2R∞

This set-up is commonly used to 
determine the K/S coefficients of 
different pigment. 

• Based on reflectance measurement. 

• See this paper. 

K/S can also be theoretically 
derived, but since K-M is an 
empirical approximation, fitting 
observed data is better.

https://onlinelibrary.wiley.com/doi/full/10.1002/col.20525
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Layering == Mixing For Transparent Materials

Transparent materials do not scatter light and only absorb lights. They only 
take photons out. 

It’s not important whether the pigments are mixed or layered, i.e., where the 
pigment particles are. What matters is just the total amount of particles. 

• assuming that the absorption behaviors of individual particles are independent.
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Light Colors are Additive

Mixing lights: 
• If we have three lights whose linear RGB 

values are [R1, G1, B1], [R2, G2, B2], and [R3, G3, 
B3], when we mix them the mixed light’s color 
is [R1 + R2 + R3, G1 + G2 + G3, B1 + B2 + B3]. 

• Can you prove it? 

• The key is that the spectral power distribution 
of the mixed light is the sum of that of each 
light. From SPD to RGB color is linear.

https://laserclassroom.com/product/primary-colors-of-light-light-blox/
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What is Subtractive Color Space Really?

G(𝛌)

W(𝛌)

R(𝛌)
B(𝛌)
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What is Subtractive Color Space Really?

W(𝛌)

G(𝛌)B(𝛌)

R(𝛌)

Absorption 
spectrum

Now assuming we have a material 
that absorbs lights in the same way 
that the original R light emits lights
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What is Subtractive Color Space Really?

W(𝛌)

B(𝛌)

G(𝛌)

R(𝛌)

Absorption 
spectrum
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What is Subtractive Color Space Really?

W(𝛌)

B(𝛌)

G(𝛌)

R(𝛌)

Absorption 
spectrum

Subtractive color space applies ONLY to strictly transparent material. 
• Nearly perfect for slides/transparencies printed with dyes, pretty good for traditional 

photographic prints on photographic media. 

• Rather poor for today’s digital color printers, because they also scatter lights.



�101https://en.wikipedia.org/wiki/Overhead_projector

ht
tp

s:/
/b

lo
gs

.n
ot

tin
gh

am
.a

c.
uk

/m
an

us
cr

ip
ts

/2
01

9/
03

/2
2/

m
ri-

co
lle

ct
io

ns
-p

ro
je

ct
-s

lid
es

-a
-re

ve
rs

al
-in

-fo
rtu

ne
/



�102

Is Mixing Materials Subtractive?

Conventional wisdom is that subtractive color model should be used when 
discussing paint/material mixing. Really? 

Cyan + Yellow = Green because: 
• Cyan material absorbs Red light; Yellow material absorbs Blue light 

• Cyan and Yellow mixture would then absorb both Red and Blue, leaving only Green 

By this logic, Blue + Yellow = Black/Gray

https://www.color-meanings.com/subtractive-colors/

C

YM



�103https://scrtwpns.com/mixbox/
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Mixing Materials is (Generally) NOT Subtractive!

Mixing paints: does subtractive color space apply? A few issues. 
• First of all, a paint’s color depends on illumination. So it’s meaningless to discuss the 

color of a paint (or any non-emitting material) without illumination information. 

• But more importantly paints also scatter lights. 

To calculate the color of a paint mixture, we should: 
• Get the spectral scattering and absorption coefficient for each pigment 

• Calculate the reflectance spectrum of the mixture using the K-M model 

• Use the spectrum of the illumination to calculate the R, G, B values of the mixture
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True or False?
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Artists Know Better

The RYB model used by artists

https://www.color-meanings.com/ryb-color-model/https://www.liveabout.com/definition-of-primary-colors-2577698https://www.liveabout.com/top-color-mixing-tips-2578046
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Add White to Adjust Saturation Levels
Skillful painters usually use just three primary paints 

plus white to create different saturation levels

https://www.artsy.net/article/artsy-editorial-4-colors-excel-painting
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Masstone vs. Tint

https://www.artsy.net/article/artsy-editorial-4-colors-excel-painting

Masstone: pure color 

Tint: mixing pure color with 
white  (desaturation)
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Spectral reflectance vs. cobalt blue tint

Spectral reflectance vs. arylide yellow tint

Color Science and the Visual Arts, Berns
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Applicability of K-M Model

A precise theoretical material model would require modeling of both the 3D 
microstructure and the non-isotropic nature of the flux. However, we will 
almost never have the data required for such modeling and therefore have to 
rely on simplifying assumptions and often empirical modifications, which is 
what K-M does. 

The accuracy is determined by the validity of the simplifications and how well 
the empirical modifications are able to fit the data. At some point, the 
empirical modifications are more like parametric functions to fit observations 
rather than rigorously justified physical models.
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Painting vs. Dyeing vs. Printing
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Painting vs. Dyeing vs. Printing

Similarities: 
• Mixing colorants to produce color 

• All have a substrate (e.g., canvas vs. textile vs. paper) on which colorants are applied 

The Kubelka-Munk model has been applied to all three areas for predicting 
colors, reverse-engineering colorants given a sample, etc.
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Painting uses pigments, and dyeing uses dyes. 
• Dye molecules are orders of magnitude smaller than pigment particles. 

• Dyes are water soluble (chemically bond with the water molecules). 

• So dyes scattering efficiency is quite low, mostly transparent/translucent. 

Printing inks can either be pigments or dyes.
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Colorant Differences

Dye solutions
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Colorant Differences

Dye solutions

The Digital Print: Identification and Preservation, Jurgens
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Layering vs. Mixing

Painting can be layering or mixing depending on what artists decide to do. 
• Glazing/vanishing are translucent layers. 

• Pentimento is intentionally painting over/hiding under-layers. 

Dyeing colorants are usually (pre-)mixed. 

Printing inks are complicated; they are neither completely layered nor 
completely mixed.
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Substrate Interaction

Painting: paint usually completely hides 
the substrate so the color usually 
doesn’t depend on the substrate. 

Dyeing: dyes are molecularly dispersed 
into the substrate (fibers). Dyes, while 
absorb lights like crazy, do not scatter 
nearly as much as the fibers, which 
contribute to most of the scattering and 
participate in color formation.

8      AN INTRODUCTION TO TEXTILES, DYES AND DYEING

acetic anhydride to produce cellulose acetates (Scheme 1.6). In 1921, a cellulose
acetate fibre was produced with about 80% of the cellulose hydroxyl groups
acetylated. This cellulose acetate gave silky, lustrous filaments on extrusion of its
acetone solution followed by immediate evaporation of the solvent. These
filaments were quite different from cotton or viscose. In particular, they were
relatively hydrophobic (water-repelling), whereas cotton and viscose are
hydrophilic (water-attracting). Initially, cellulose acetate proved difficult to dye
satisfactorily with existing ionic dyes. Effective dyeing occurred, however, using a
fine aqueous dispersion of non-ionic, relatively insoluble, hydrophobic dyes. This
type of dye is called a disperse dye, of which (3) is an example (Figure 1.6). We
now know that such dyes are soluble in the hydrophobic cellulose acetate and
dyeing occurs by the fibres continually extracting the small amount of dye
dissolved in the water. Dye dissolving from the surface of the fine particles in
suspension constantly replenishes the dye in solution. As we shall see later,
disperse dyes are suitable for dyeing almost all types of artificially made fibre by the
same mechanism (Figure 1.7).

Cell OH Cell O(CH3CO)2O+ COCH3 + CH3CO2H

Scheme 1.6

O

O

NHCH3

NHCH3

3
Figure 1.6  Disperse Blue 14

Dye particles
in suspension

Individual dye
molecules
in solution Molecules of

dye in the
fibre surface

Diffusion of
dye into
the fibre

Water                                             Fibre 

Figure 1.7  The mechanism of dyeing a synthetic fibre with a disperse dye

chpt1Pages.p65 27/07/01, 10:078

Basic Principles of Textile Coloration, Broadbent.



�119Master Gardeners: Growing plants to make fabric dyes

Paints are usually thick enough to 
hide the substrate (e.g., canvas)

Dyes usually penetrate directly into the fibers. 
The scattering efficiency of dyes is low.
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Substrate Interaction

Printing: somewhat in-between. 
• The ink-mixture penetrates into the 

substrate (paper), but doesn’t 
completely absorb lights (you can still 
see light from the other side!) 

• So the paper contributes to color 
formation and is effectively just 
another colorant in the K-M model.

Cross sections of Epson R340 dye-based ink printed on paper. 
Dye particles are smaller; they penetrate into paper well.

The Digital Print: Identification and Preservation, Jurgens

Cross sections of Epson Ultrachrome 7 pigment-
based ink printed on paper. Pigment particles are 

larger. They are not fully penetrated.


