
Yuhao Zhu 
http://yuhaozhu.com

yzhu@rochester.edu

Lecture 24: Shading (Surface Scattering, 
Volume Scattering, and Texture Mapping)

CSC 259/459, Fall 2024 
Computer Imaging & Graphics

http://yuhaozhu.com
mailto:yzhu@rochester.edu


Digital Camera Imaging

The Roadmap
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Theoretical Preliminaries

Human Visual Systems

Modeling and Rendering

3D Modeling

Rasterization and GPU
Ray Tracing

Shading
Rendering in AR/VR



Graphics

3http://www.cgarena.com/freestuff/tutorials/max/thomas_highway/sergeant.htmlhttps://docs.blender.org/manual/en/dev/render/introduction.html

Lighting, Camera, 
and Material

Modeling Rendering

Visibility Shading

Rasterization Ray tracing
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Unreal Engine 5



5https://patapom.com/blog/



6https://helpx.adobe.com/cy_en/dimension/using/apply-materials-images-to-models.html



Shading == Calculate Pixel Color
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Approaches range from:

• pure hack (e.g., interpolation from vertices)


• empirical models (e.g., Blinn-Phong model)


• physically-based simulation of light-matter interaction (e.g., rendering equation)


• texture mapping (a form of pre-computation)


Photorealistic (visually pleasing) vs. physically real


Local vs. global illumination

• Do we consider lights only from light sources or also mutual, indirect illumination 

between objects?



Interpolation
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A

B C

P

CP = αCA + βCB + γCC

α + β + γ = 1
If you know the colors of the three 
vertices of a triangle and nothing else, 
how would you calculate the color of a 
point P inside the triangle?


Interpolate the color from the vertex 
colors (using barycentric coordinates).


• There is absolutely no reason why this has 
to be true.


• But perhaps the best bet if you have no 
other information.



Interpolation
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A

B C

P

CP = αCA + βCB + γCC

α + β + γ = 1
Interpolation is very useful in 
rendering. We interpolate many things: 
color, normal, texel coordinates, etc.


Interpolation assumes smooth 
changes, which will miss high-
frequency signals, but it’s the best bet 
when no other information is available.
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Phong Model
1942-1975



Phong Model
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Physics-inspired but doesn’t simulate actual light matter interaction; still, 
very widely used in practice.


• A local method that accounts for some degree of global illumination: a pixel’s color is 
calculated based on the light source and an empirical term for indirect illumination.


• Has “fudge factors” (e.g., n below) that can be tuned for pleasing visual appearance.

https://medium.com/shader-coding-in-unity-from-a-to-z/light-in-computer-graphics-2-3b2a5b04ac6d



A Local Model
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Being a local method, when shading 
a point it doesn’t need information 
from other points. Inputs are:


• Camera ray direction (v)


• Surface normal of the point (n)


• Incident light direction (l)

• Surface parameter (empirically modeled)


But we will see how it “hacks it way” 
to account for indirect illumination.

Ren NgCS184/284A

Local Shading

Compute light reflected toward camera 

Inputs: 

• Viewer direction, v 

• Surface normal, n 

• Light direction, l 
(for each of many lights) 

• Surface parameters  
(color, shininess, …)

v
l n



A Local Model
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Can be easily plugged into either a rasterization or a ray-tracing pipeline.

foreach triangle in mesh

  perspective project triangle to canvas;

  foreach pixel in image

    if (pixel is in the projected triangle)

      pixel.color = PhongShade(…);

foreach pixel in image

  ray = buildRay(camera, pixel)

  if (P = intersect(ray, mesh))

    pixel.color = PhongShade(…)

  else

    pixel.color = backgroundColor

As part of ray tracing. No 
recursion; a hint that Phong 
model isn’t physically real!

As part of a 
rasterization pipeline



Basic Observation: Color Depends on Surface
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Mirror/Glass (Specular) Glossy (Specular) Diffuse (Not Specular)



Phong Model
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Model surface as a combination of specular and diffuse components.

• Assign/tune weights to adjust the proportion.


Add an ambient shading term to emulate indirect illumination.

• Again, that term is tunable.



Diffuse Shading
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A perfectly diffuse surface distributes energy uniformly across all directions.

• The energy the surface receives from the incident light is weakened by the incident light 

angle (w.r.t. surface normal).


The color of a point thus doesn’t depend on viewing angle.



Diffuse Shading
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Local Shading

Compute light reflected toward camera 

Inputs: 

• Viewer direction, v 

• Surface normal, n 

• Light direction, l 
(for each of many lights) 

• Surface parameters  
(color, shininess, …)

v
l n

𝜽

Ld = kd
I
r2

cos θ

Diffuse 
component

Tunable diffuse coefficient 
(e.g., simulate how much energy is 

absorbed by the surface)

Light intensity (falls off 
quadratically w.r.t. distance)

r

Recall the Lambertian cosine 
law (from the emission/display lecture)

l ⋅ n

= dot product of the light 
angle and normal vector



Diffuse Shading
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Lambertian (Diffuse) Shading

Produces matte appearance

[F
ol

ey
 e

t 
al

.]

kd

Ld = kd
I
r2

cos θ



Specular Shading

19

Color of a point is dependent on viewing angle.

• For a perfect mirror, only when the viewing angle = incident angle will we see color.


• For a general specular surface, reduce the light intensity when the viewing angle moves 
away from the reflection angle.



Specular Shading
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Ren NgCS184/284A

Specular Shading (Blinn-Phong)

Intensity depends on view direction 

• Bright near mirror reflection direction

v
l n

Ls = ks
I
r2

(cos ϕ)n

ϕ

Specular 
component

Tunable specular coefficient 
(e.g., simulate how much energy is 

absorbed by the surface and 
distributed to viewing direction)

Another tunable 
coefficient controlling the 
side of the specular lobeSpecular lobe



Specular Shading
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Ls = ks
I
r2

(cos ϕ)n

Specular 
component

Tunable specular coefficient 
(e.g., simulate how much energy is 

absorbed by the surface)

Another tunable 
coefficient controlling the 
side of the specular lobe

Ren NgCS184/284A

Specular Shading (Blinn-Phong)
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ks

p

Ls = ks (I/r
2)max(0, cos↵)p

= ks (I/r
2)max(0,n · h)pLs = ks (I/r
2)max(0, cos↵)p

= ks (I/r
2)max(0,n · h)p

n



Specular Shading
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Ls = ks
I
r2

(cos ϕ)n

Specular 
component

Tunable specular coefficient 
(e.g., simulate how much energy is 

absorbed by the surface)

Another tunable 
coefficient controlling the 
side of the specular lobe

Same ks. Are these rendering results physically plausible?

Tune n and ks together.
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Does not receive direct lights 
but shouldn’t be black.
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Ambient Shading

25

La = kaIa

Ambient 
component

Tunable ambient coefficient

Tunable ambient light intensity

Ren NgCS184/284A

Ambient Shading

Shading that does not depend on anything 

• Add constant color to account for disregarded 
illumination and fill in black shadows

ambient 
coefficient

reflected 
ambient 

light

La = ka Ia

Ambient 
lights

Add a constant term to model the effect of ambient lights (read: indirect illumination) 
just so that points in shadow are not completely black.

Accurately modeling ambient lights requires recursive ray tracing.



Phong Model Summary
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A mix of hack + empirical models + physics:

• Diffuse is physics-based; specular component is a physics-inspired empirical model; 

ambient component is purely a hack.


• A local method that accounts for global illumination through the (rather hacky) ambient  
component.



Where/When to Apply Phong Model?
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Ren NgCS184/284A

Shading Frequency: Triangle, Vertex or Pixel

Shade each triangle (flat shading) 

• Triangle face is flat — one normal vector 

• Not good for smooth surfaces 

Shade each vertex (“Gouraud” shading) 

• Interpolate colors from vertices across triangle 

• Each vertex has a normal vector 

Shade each pixel (“Phong” shading) 

• Interpolate normal vectors across each triangle 

• Compute full shading model at each pixel 

For every triangle (flat shading):

• Apply Phong model to each triangle on the mesh; each triangle has a 

normal vector; all points on the triangle share the same color.


For every vertex (Gouraud shading):

• Apply Phong model to each vertex on the mesh; each vertex has a 

normal vector; other points on the triangle are interpolated from vertices.


For every point (“Phong” shading):

• Each point on the triangle has a normal; point normal is interpolated 

from vertex normal; apply Phone model to each point.
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Rendering Equation for 
Surface Scattering



Revisiting Phong Model
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Ld = kd
I
r2

cos θ Ls = ks
I
r2

(cos ϕ)nLa = kaIa

These terms are 
pure hacks

Diffuse and specular coefficients 
are physics-inspired



Reflection at a Point
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Reflection at a Point
dE(!i)

Differential irradiance incoming: dE(!i) = L(!i) cos ✓i d!i
<latexit sha1_base64="RzPYZpR8S6bU45FfxTMiIFDQV0E=">AAACH3icbZDNSgMxFIUz9b/+jbp0EyxChVKmIlQXQlEEFy4UrBU6pWQyt21oZjIkd4RS+ihufBU3LlTEnW9jWitq64XAl3PuJbknSKQw6HkfTmZmdm5+YXEpu7yyurbubmzeGJVqDlWupNK3ATMgRQxVFCjhNtHAokBCLeieDv3aHWgjVHyNvQQaEWvHoiU4Qys13XJ4lvdVBG3WFHv0mF783PwCV4b6BepjB9AqFsNvt+nmvKI3KjoNpTHkyLgum+67HyqeRhAjl8yYeslLsNFnGgWXMMj6qYGE8S5rQ91izCIwjf5owQHdtUpIW0rbEyMdqb8n+iwyphcFtjNi2DGT3lD8z6un2Dps9EWcpAgx/3qolUqKig7ToqHQwFH2LDCuhf0r5R2mGUebadaGUJpceRqq+8Wjond1kKucjNNYJNtkh+RJiZRJhZyTS1IlnNyTR/JMXpwH58l5dd6+WjPOeGaL/Cnn4xO9PaEa</latexit><latexit sha1_base64="RzPYZpR8S6bU45FfxTMiIFDQV0E=">AAACH3icbZDNSgMxFIUz9b/+jbp0EyxChVKmIlQXQlEEFy4UrBU6pWQyt21oZjIkd4RS+ihufBU3LlTEnW9jWitq64XAl3PuJbknSKQw6HkfTmZmdm5+YXEpu7yyurbubmzeGJVqDlWupNK3ATMgRQxVFCjhNtHAokBCLeieDv3aHWgjVHyNvQQaEWvHoiU4Qys13XJ4lvdVBG3WFHv0mF783PwCV4b6BepjB9AqFsNvt+nmvKI3KjoNpTHkyLgum+67HyqeRhAjl8yYeslLsNFnGgWXMMj6qYGE8S5rQ91izCIwjf5owQHdtUpIW0rbEyMdqb8n+iwyphcFtjNi2DGT3lD8z6un2Dps9EWcpAgx/3qolUqKig7ToqHQwFH2LDCuhf0r5R2mGUebadaGUJpceRqq+8Wjond1kKucjNNYJNtkh+RJiZRJhZyTS1IlnNyTR/JMXpwH58l5dd6+WjPOeGaL/Cnn4xO9PaEa</latexit><latexit sha1_base64="RzPYZpR8S6bU45FfxTMiIFDQV0E=">AAACH3icbZDNSgMxFIUz9b/+jbp0EyxChVKmIlQXQlEEFy4UrBU6pWQyt21oZjIkd4RS+ihufBU3LlTEnW9jWitq64XAl3PuJbknSKQw6HkfTmZmdm5+YXEpu7yyurbubmzeGJVqDlWupNK3ATMgRQxVFCjhNtHAokBCLeieDv3aHWgjVHyNvQQaEWvHoiU4Qys13XJ4lvdVBG3WFHv0mF783PwCV4b6BepjB9AqFsNvt+nmvKI3KjoNpTHkyLgum+67HyqeRhAjl8yYeslLsNFnGgWXMMj6qYGE8S5rQ91izCIwjf5owQHdtUpIW0rbEyMdqb8n+iwyphcFtjNi2DGT3lD8z6un2Dps9EWcpAgx/3qolUqKig7ToqHQwFH2LDCuhf0r5R2mGUebadaGUJpceRqq+8Wjond1kKucjNNYJNtkh+RJiZRJhZyTS1IlnNyTR/JMXpwH58l5dd6+WjPOeGaL/Cnn4xO9PaEa</latexit>

dLr(!r)dE(!i) = dL(!i)cos ✓iDifferential radiance exiting (due to              )

Slide credit: Ren Ng



Reflectance of a Point
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Reflection at a Point
dE(!i)

Differential irradiance incoming: dE(!i) = L(!i) cos ✓i d!i
<latexit sha1_base64="RzPYZpR8S6bU45FfxTMiIFDQV0E=">AAACH3icbZDNSgMxFIUz9b/+jbp0EyxChVKmIlQXQlEEFy4UrBU6pWQyt21oZjIkd4RS+ihufBU3LlTEnW9jWitq64XAl3PuJbknSKQw6HkfTmZmdm5+YXEpu7yyurbubmzeGJVqDlWupNK3ATMgRQxVFCjhNtHAokBCLeieDv3aHWgjVHyNvQQaEWvHoiU4Qys13XJ4lvdVBG3WFHv0mF783PwCV4b6BepjB9AqFsNvt+nmvKI3KjoNpTHkyLgum+67HyqeRhAjl8yYeslLsNFnGgWXMMj6qYGE8S5rQ91izCIwjf5owQHdtUpIW0rbEyMdqb8n+iwyphcFtjNi2DGT3lD8z6un2Dps9EWcpAgx/3qolUqKig7ToqHQwFH2LDCuhf0r5R2mGUebadaGUJpceRqq+8Wjond1kKucjNNYJNtkh+RJiZRJhZyTS1IlnNyTR/JMXpwH58l5dd6+WjPOeGaL/Cnn4xO9PaEa</latexit><latexit sha1_base64="RzPYZpR8S6bU45FfxTMiIFDQV0E=">AAACH3icbZDNSgMxFIUz9b/+jbp0EyxChVKmIlQXQlEEFy4UrBU6pWQyt21oZjIkd4RS+ihufBU3LlTEnW9jWitq64XAl3PuJbknSKQw6HkfTmZmdm5+YXEpu7yyurbubmzeGJVqDlWupNK3ATMgRQxVFCjhNtHAokBCLeieDv3aHWgjVHyNvQQaEWvHoiU4Qys13XJ4lvdVBG3WFHv0mF783PwCV4b6BepjB9AqFsNvt+nmvKI3KjoNpTHkyLgum+67HyqeRhAjl8yYeslLsNFnGgWXMMj6qYGE8S5rQ91izCIwjf5owQHdtUpIW0rbEyMdqb8n+iwyphcFtjNi2DGT3lD8z6un2Dps9EWcpAgx/3qolUqKig7ToqHQwFH2LDCuhf0r5R2mGUebadaGUJpceRqq+8Wjond1kKucjNNYJNtkh+RJiZRJhZyTS1IlnNyTR/JMXpwH58l5dd6+WjPOeGaL/Cnn4xO9PaEa</latexit><latexit sha1_base64="RzPYZpR8S6bU45FfxTMiIFDQV0E=">AAACH3icbZDNSgMxFIUz9b/+jbp0EyxChVKmIlQXQlEEFy4UrBU6pWQyt21oZjIkd4RS+ihufBU3LlTEnW9jWitq64XAl3PuJbknSKQw6HkfTmZmdm5+YXEpu7yyurbubmzeGJVqDlWupNK3ATMgRQxVFCjhNtHAokBCLeieDv3aHWgjVHyNvQQaEWvHoiU4Qys13XJ4lvdVBG3WFHv0mF783PwCV4b6BepjB9AqFsNvt+nmvKI3KjoNpTHkyLgum+67HyqeRhAjl8yYeslLsNFnGgWXMMj6qYGE8S5rQ91izCIwjf5owQHdtUpIW0rbEyMdqb8n+iwyphcFtjNi2DGT3lD8z6un2Dps9EWcpAgx/3qolUqKig7ToqHQwFH2LDCuhf0r5R2mGUebadaGUJpceRqq+8Wjond1kKucjNNYJNtkh+RJiZRJhZyTS1IlnNyTR/JMXpwH58l5dd6+WjPOeGaL/Cnn4xO9PaEa</latexit>

dLr(!r)dE(!i) = dL(!i)cos ✓iDifferential radiance exiting (due to              )

Slide credit: Ren Ng

Bidirectional Reflectance Distribution Function (BRDF)

fr(ωi → ωr) =
dLr(ωr)
dEi(ωi)

Informally, BRDF quantifies the energy 
transfer from an incident ray to an existing ray



Measuring BRDF Using Gonio Spectrophotometer

32https://www.avianrochester.com/gonioapparent.phpColor in Business, Science, and Industry 3ed, Judd and Wyszecki
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Material == BRDF (So Far)
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The Rendering Equation

35Slide credit: Ren Ng
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The Reflection Equation

Lr(p,!r) =

Z

H2

fr(p,!i ! !r)Li(p,!i) cos ✓i d!i

<latexit sha1_base64="MCha/lMV6Q0PANPjxwfUDQG8ECQ=">AAACBHicbVDLSsNAFJ3UV62vqMtuBotQQUoiRV0W3HThooJ9QBPCZDpth85kwsxEKKELN/6KGxeKuPUj3Pk3TtostPXAhcM593LvPWHMqNKO820V1tY3NreK26Wd3b39A/vwqKNEIjFpY8GE7IVIEUYj0tZUM9KLJUE8ZKQbTm4yv/tApKIiutfTmPgcjSI6pBhpIwV2+TaQVY8jPZY8jWfn0BOcjFAgz2ApsCtOzZkDrhI3JxWQoxXYX95A4ISTSGOGlOq7Tqz9FElNMSOzkpcoEiM8QSPSNzRCnCg/nT8xg6dGGcChkKYiDefq74kUcaWmPDSd2blq2cvE/7x+oofXfkqjONEkwotFw4RBLWCWCBxQSbBmU0MQltTcCvEYSYS1yS0LwV1+eZV0LmruZa1+V680mnkcRVAGJ6AKXHAFGqAJWqANMHgEz+AVvFlP1ov1bn0sWgtWPnMM/sD6/AEzhpcv</latexit>

Lr(p,!r)

<latexit sha1_base64="E8r21vgqgRdM3XSe5i1INlW2kHw=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBahgpREirosuOnCRQX7gCaEyXTaDp2ZhJmJUELBjb/ixoUibv0Jd/6NkzYLbT1w4XDOvdx7TxgzqrTjfFuFldW19Y3iZmlre2d3z94/aKsokZi0cMQi2Q2RIowK0tJUM9KNJUE8ZKQTjm8yv/NApKKRuNeTmPgcDQUdUIy0kQL76DagFY8jPZI8jafn0Is4GaKAnsHALjtVZwa4TNyclEGOZmB/ef0IJ5wIjRlSquc6sfZTJDXFjExLXqJIjPAYDUnPUIE4UX46+2EKT43Sh4NImhIaztTfEyniSk14aDqza9Wil4n/eb1ED679lIo40UTg+aJBwqCOYBYI7FNJsGYTQxCW1NwK8QhJhLWJrWRCcBdfXibti6p7Wa3d1cr1Rh5HERyDE1ABLrgCddAATdACGDyCZ/AK3qwn68V6tz7mrQUrnzkEf2B9/gDZlJcJ</latexit>

Li(p,!i)
The incident light can be from a 
light source, or could be indirect 
illumination from other objects.

Integrate over 
the hemisphere

p

The total exiting radiance 
at p toward ωr

Lr(p, ωr) = ∫Ω
fr(p, ωi → ωr)Li(p, ωi)cos θidωi

Idea: the energy of an exiting ray 
is contributed by that of all the 

incident rays, each modulated by 
the corresponding BRDF.



Solving the Rendering Equation Needs Recursion

36

Lr(p, ωr) = ∫Ω
fr(p, ωi → ωr)Li(p, ωi)cos θidωi

Radiance appears on both sides of the equation: recursive ray tracing!

Ren NgCS184/284A

The Reflection Equation

Lr(p,!r) =

Z

H2

fr(p,!i ! !r)Li(p,!i) cos ✓i d!i

<latexit sha1_base64="MCha/lMV6Q0PANPjxwfUDQG8ECQ=">AAACBHicbVDLSsNAFJ3UV62vqMtuBotQQUoiRV0W3HThooJ9QBPCZDpth85kwsxEKKELN/6KGxeKuPUj3Pk3TtostPXAhcM593LvPWHMqNKO820V1tY3NreK26Wd3b39A/vwqKNEIjFpY8GE7IVIEUYj0tZUM9KLJUE8ZKQbTm4yv/tApKIiutfTmPgcjSI6pBhpIwV2+TaQVY8jPZY8jWfn0BOcjFAgz2ApsCtOzZkDrhI3JxWQoxXYX95A4ISTSGOGlOq7Tqz9FElNMSOzkpcoEiM8QSPSNzRCnCg/nT8xg6dGGcChkKYiDefq74kUcaWmPDSd2blq2cvE/7x+oofXfkqjONEkwotFw4RBLWCWCBxQSbBmU0MQltTcCvEYSYS1yS0LwV1+eZV0LmruZa1+V680mnkcRVAGJ6AKXHAFGqAJWqANMHgEz+AVvFlP1ov1bn0sWgtWPnMM/sD6/AEzhpcv</latexit>

Lr(p,!r)

<latexit sha1_base64="E8r21vgqgRdM3XSe5i1INlW2kHw=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBahgpREirosuOnCRQX7gCaEyXTaDp2ZhJmJUELBjb/ixoUibv0Jd/6NkzYLbT1w4XDOvdx7TxgzqrTjfFuFldW19Y3iZmlre2d3z94/aKsokZi0cMQi2Q2RIowK0tJUM9KNJUE8ZKQTjm8yv/NApKKRuNeTmPgcDQUdUIy0kQL76DagFY8jPZI8jafn0Is4GaKAnsHALjtVZwa4TNyclEGOZmB/ef0IJ5wIjRlSquc6sfZTJDXFjExLXqJIjPAYDUnPUIE4UX46+2EKT43Sh4NImhIaztTfEyniSk14aDqza9Wil4n/eb1ED679lIo40UTg+aJBwqCOYBYI7FNJsGYTQxCW1NwK8QhJhLWJrWRCcBdfXibti6p7Wa3d1cr1Rh5HERyDE1ABLrgCddAATdACGDyCZ/AK3qwn68V6tz7mrQUrnzkEf2B9/gDZlJcJ</latexit>

Li(p,!i)Exiting radiance depends on incident 
radiances. To calculate an incident 
radiance, we need to recursively 

solve the rendering equation!



How to Integrate?

37

We don’t know the analytical form of the integrand. How do we integrate?

• We know the analytical form of BRDF, but most likely not the incident radiance term (the 

whole point of solving the rendering equation is to calculate each incident radiance!)

Lr(p, ωr) = ∫Ω
fr(p, ωi → ωr)Li(p, ωi)cos θidωi

The integrand has no analytical form



Integrate Over an Unknown Function

38
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Example: Basic Monte Carlo Estimator

The basic Monte Carlo estimator is a simple special 
case where we sample with a uniform random variable 

Uniform random variable f(x)

x0 = a x4 = b

Z b

a
f(x)dx = F (b)� F (a)

xi

p(x)
<latexit sha1_base64="i+ZbUDqk9xvQm6nWy3FRypWL+4A=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoignorevFYwdhCG8pmu2mX7m7C7kYsoX/BiwcVr/4ib/4bN20O2vpg4PHeDDPzwoQzbVz32ymtrK6tb5Q3K1vbO7t71f2DBx2nilCfxDxWnRBrypmkvmGG006iKBYhp+1wfJP77UeqNIvlvZkkNBB4KFnECDa5lNSfTvvVmttwZ0DLxCtIDQq0+tWv3iAmqaDSEI617npuYoIMK8MIp9NKL9U0wWSMh7RrqcSC6iCb3TpFJ1YZoChWtqRBM/X3RIaF1hMR2k6BzUgvern4n9dNTXQZZEwmqaGSzBdFKUcmRvnjaMAUJYZPLMFEMXsrIiOsMDE2nooNwVt8eZn4Z42rhnt3XmteF2mU4QiOoQ4eXEATbqEFPhAYwTO8wpsjnBfn3fmYt5acYuYQ/sD5/AHo5o2u</latexit><latexit sha1_base64="i+ZbUDqk9xvQm6nWy3FRypWL+4A=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoignorevFYwdhCG8pmu2mX7m7C7kYsoX/BiwcVr/4ib/4bN20O2vpg4PHeDDPzwoQzbVz32ymtrK6tb5Q3K1vbO7t71f2DBx2nilCfxDxWnRBrypmkvmGG006iKBYhp+1wfJP77UeqNIvlvZkkNBB4KFnECDa5lNSfTvvVmttwZ0DLxCtIDQq0+tWv3iAmqaDSEI617npuYoIMK8MIp9NKL9U0wWSMh7RrqcSC6iCb3TpFJ1YZoChWtqRBM/X3RIaF1hMR2k6BzUgvern4n9dNTXQZZEwmqaGSzBdFKUcmRvnjaMAUJYZPLMFEMXsrIiOsMDE2nooNwVt8eZn4Z42rhnt3XmteF2mU4QiOoQ4eXEATbqEFPhAYwTO8wpsjnBfn3fmYt5acYuYQ/sD5/AHo5o2u</latexit><latexit sha1_base64="i+ZbUDqk9xvQm6nWy3FRypWL+4A=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoignorevFYwdhCG8pmu2mX7m7C7kYsoX/BiwcVr/4ib/4bN20O2vpg4PHeDDPzwoQzbVz32ymtrK6tb5Q3K1vbO7t71f2DBx2nilCfxDxWnRBrypmkvmGG006iKBYhp+1wfJP77UeqNIvlvZkkNBB4KFnECDa5lNSfTvvVmttwZ0DLxCtIDQq0+tWv3iAmqaDSEI617npuYoIMK8MIp9NKL9U0wWSMh7RrqcSC6iCb3TpFJ1YZoChWtqRBM/X3RIaF1hMR2k6BzUgvern4n9dNTXQZZEwmqaGSzBdFKUcmRvnjaMAUJYZPLMFEMXsrIiOsMDE2nooNwVt8eZn4Z42rhnt3XmteF2mU4QiOoQ4eXEATbqEFPhAYwTO8wpsjnBfn3fmYt5acYuYQ/sD5/AHo5o2u</latexit>

x0 = a x4 = bxi

1

b� a
<latexit sha1_base64="5YmZt5vT2pp+mnPiYC0V17aR8FM=">AAAB9HicbVBNS8NAEJ3Ur1q/oh69LBbBiyURQb0VvXisYGyhjWWz3bRLN5uwu1FKyP/w4kHFqz/Gm//GTZuDtj4YeLw3w8y8IOFMacf5tipLyyura9X12sbm1vaOvbt3r+JUEuqRmMeyE2BFORPU00xz2kkkxVHAaTsYXxd++5FKxWJxpycJ9SM8FCxkBGsjPfRCiUnm5llwgvNa3647DWcKtEjcktShRKtvf/UGMUkjKjThWKmu6yTaz7DUjHCa13qpogkmYzykXUMFjqjys+nVOToyygCFsTQlNJqqvycyHCk1iQLTGWE9UvNeIf7ndVMdXvgZE0mqqSCzRWHKkY5REQEaMEmJ5hNDMJHM3IrICJsgtAmqCMGdf3mReKeNy4Zze1ZvXpVpVOEADuEYXDiHJtxACzwgIOEZXuHNerJerHfrY9ZascqZffgD6/MHTrmR7A==</latexit><latexit sha1_base64="5YmZt5vT2pp+mnPiYC0V17aR8FM=">AAAB9HicbVBNS8NAEJ3Ur1q/oh69LBbBiyURQb0VvXisYGyhjWWz3bRLN5uwu1FKyP/w4kHFqz/Gm//GTZuDtj4YeLw3w8y8IOFMacf5tipLyyura9X12sbm1vaOvbt3r+JUEuqRmMeyE2BFORPU00xz2kkkxVHAaTsYXxd++5FKxWJxpycJ9SM8FCxkBGsjPfRCiUnm5llwgvNa3647DWcKtEjcktShRKtvf/UGMUkjKjThWKmu6yTaz7DUjHCa13qpogkmYzykXUMFjqjys+nVOToyygCFsTQlNJqqvycyHCk1iQLTGWE9UvNeIf7ndVMdXvgZE0mqqSCzRWHKkY5REQEaMEmJ5hNDMJHM3IrICJsgtAmqCMGdf3mReKeNy4Zze1ZvXpVpVOEADuEYXDiHJtxACzwgIOEZXuHNerJerHfrY9ZascqZffgD6/MHTrmR7A==</latexit><latexit sha1_base64="5YmZt5vT2pp+mnPiYC0V17aR8FM=">AAAB9HicbVBNS8NAEJ3Ur1q/oh69LBbBiyURQb0VvXisYGyhjWWz3bRLN5uwu1FKyP/w4kHFqz/Gm//GTZuDtj4YeLw3w8y8IOFMacf5tipLyyura9X12sbm1vaOvbt3r+JUEuqRmMeyE2BFORPU00xz2kkkxVHAaTsYXxd++5FKxWJxpycJ9SM8FCxkBGsjPfRCiUnm5llwgvNa3647DWcKtEjcktShRKtvf/UGMUkjKjThWKmu6yTaz7DUjHCa13qpogkmYzykXUMFjqjys+nVOToyygCFsTQlNJqqvycyHCk1iQLTGWE9UvNeIf7ndVMdXvgZE0mqqSCzRWHKkY5REQEaMEmJ5hNDMJHM3IrICJsgtAmqCMGdf3mReKeNy4Zze1ZvXpVpVOEADuEYXDiHJtxACzwgIOEZXuHNerJerHfrY9ZascqZffgD6/MHTrmR7A==</latexit>

Xi ⇠ p(x) = C
Z b

a
p(x) dx = 1

=)
Z b

a
C dx = 1

=) C =
1

b� a
<latexit sha1_base64="Z70W0ninmevicTzhk+BvV8aqe4s="></latexit><latexit sha1_base64="Z70W0ninmevicTzhk+BvV8aqe4s="></latexit><latexit sha1_base64="Z70W0ninmevicTzhk+BvV8aqe4s="></latexit>

Xi ⇠ p(x) = C
Z b

a
p(x) dx = 1

=)
Z b

a
C dx = 1

=) C =
1

b� a
<latexit sha1_base64="Z70W0ninmevicTzhk+BvV8aqe4s="></latexit><latexit sha1_base64="Z70W0ninmevicTzhk+BvV8aqe4s="></latexit><latexit sha1_base64="Z70W0ninmevicTzhk+BvV8aqe4s="></latexit>

Xi ⇠ p(x) = C
Z b

a
p(x) dx = 1

=)
Z b

a
C dx = 1

=) C =
1

b� a
<latexit sha1_base64="Z70W0ninmevicTzhk+BvV8aqe4s="></latexit><latexit sha1_base64="Z70W0ninmevicTzhk+BvV8aqe4s="></latexit><latexit sha1_base64="Z70W0ninmevicTzhk+BvV8aqe4s="></latexit>

Xi ⇠ p(x) = C
Z b

a
p(x) dx = 1

=)
Z b

a
C dx = 1

=) C =
1

b� a
<latexit sha1_base64="Z70W0ninmevicTzhk+BvV8aqe4s="></latexit><latexit sha1_base64="Z70W0ninmevicTzhk+BvV8aqe4s="></latexit><latexit sha1_base64="Z70W0ninmevicTzhk+BvV8aqe4s="></latexit>

(constant)

X1

F = f(X1)(b − a)
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Example: Basic Monte Carlo Estimator

The basic Monte Carlo estimator is a simple special 
case where we sample with a uniform random variable 

Uniform random variable f(x)

x0 = a x4 = b

Z b

a
f(x)dx = F (b)� F (a)

xi

p(x)
<latexit sha1_base64="i+ZbUDqk9xvQm6nWy3FRypWL+4A=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoignorevFYwdhCG8pmu2mX7m7C7kYsoX/BiwcVr/4ib/4bN20O2vpg4PHeDDPzwoQzbVz32ymtrK6tb5Q3K1vbO7t71f2DBx2nilCfxDxWnRBrypmkvmGG006iKBYhp+1wfJP77UeqNIvlvZkkNBB4KFnECDa5lNSfTvvVmttwZ0DLxCtIDQq0+tWv3iAmqaDSEI617npuYoIMK8MIp9NKL9U0wWSMh7RrqcSC6iCb3TpFJ1YZoChWtqRBM/X3RIaF1hMR2k6BzUgvern4n9dNTXQZZEwmqaGSzBdFKUcmRvnjaMAUJYZPLMFEMXsrIiOsMDE2nooNwVt8eZn4Z42rhnt3XmteF2mU4QiOoQ4eXEATbqEFPhAYwTO8wpsjnBfn3fmYt5acYuYQ/sD5/AHo5o2u</latexit><latexit sha1_base64="i+ZbUDqk9xvQm6nWy3FRypWL+4A=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoignorevFYwdhCG8pmu2mX7m7C7kYsoX/BiwcVr/4ib/4bN20O2vpg4PHeDDPzwoQzbVz32ymtrK6tb5Q3K1vbO7t71f2DBx2nilCfxDxWnRBrypmkvmGG006iKBYhp+1wfJP77UeqNIvlvZkkNBB4KFnECDa5lNSfTvvVmttwZ0DLxCtIDQq0+tWv3iAmqaDSEI617npuYoIMK8MIp9NKL9U0wWSMh7RrqcSC6iCb3TpFJ1YZoChWtqRBM/X3RIaF1hMR2k6BzUgvern4n9dNTXQZZEwmqaGSzBdFKUcmRvnjaMAUJYZPLMFEMXsrIiOsMDE2nooNwVt8eZn4Z42rhnt3XmteF2mU4QiOoQ4eXEATbqEFPhAYwTO8wpsjnBfn3fmYt5acYuYQ/sD5/AHo5o2u</latexit><latexit sha1_base64="i+ZbUDqk9xvQm6nWy3FRypWL+4A=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoignorevFYwdhCG8pmu2mX7m7C7kYsoX/BiwcVr/4ib/4bN20O2vpg4PHeDDPzwoQzbVz32ymtrK6tb5Q3K1vbO7t71f2DBx2nilCfxDxWnRBrypmkvmGG006iKBYhp+1wfJP77UeqNIvlvZkkNBB4KFnECDa5lNSfTvvVmttwZ0DLxCtIDQq0+tWv3iAmqaDSEI617npuYoIMK8MIp9NKL9U0wWSMh7RrqcSC6iCb3TpFJ1YZoChWtqRBM/X3RIaF1hMR2k6BzUgvern4n9dNTXQZZEwmqaGSzBdFKUcmRvnjaMAUJYZPLMFEMXsrIiOsMDE2nooNwVt8eZn4Z42rhnt3XmteF2mU4QiOoQ4eXEATbqEFPhAYwTO8wpsjnBfn3fmYt5acYuYQ/sD5/AHo5o2u</latexit>

x0 = a x4 = bxi

1

b� a
<latexit sha1_base64="5YmZt5vT2pp+mnPiYC0V17aR8FM=">AAAB9HicbVBNS8NAEJ3Ur1q/oh69LBbBiyURQb0VvXisYGyhjWWz3bRLN5uwu1FKyP/w4kHFqz/Gm//GTZuDtj4YeLw3w8y8IOFMacf5tipLyyura9X12sbm1vaOvbt3r+JUEuqRmMeyE2BFORPU00xz2kkkxVHAaTsYXxd++5FKxWJxpycJ9SM8FCxkBGsjPfRCiUnm5llwgvNa3647DWcKtEjcktShRKtvf/UGMUkjKjThWKmu6yTaz7DUjHCa13qpogkmYzykXUMFjqjys+nVOToyygCFsTQlNJqqvycyHCk1iQLTGWE9UvNeIf7ndVMdXvgZE0mqqSCzRWHKkY5REQEaMEmJ5hNDMJHM3IrICJsgtAmqCMGdf3mReKeNy4Zze1ZvXpVpVOEADuEYXDiHJtxACzwgIOEZXuHNerJerHfrY9ZascqZffgD6/MHTrmR7A==</latexit><latexit sha1_base64="5YmZt5vT2pp+mnPiYC0V17aR8FM=">AAAB9HicbVBNS8NAEJ3Ur1q/oh69LBbBiyURQb0VvXisYGyhjWWz3bRLN5uwu1FKyP/w4kHFqz/Gm//GTZuDtj4YeLw3w8y8IOFMacf5tipLyyura9X12sbm1vaOvbt3r+JUEuqRmMeyE2BFORPU00xz2kkkxVHAaTsYXxd++5FKxWJxpycJ9SM8FCxkBGsjPfRCiUnm5llwgvNa3647DWcKtEjcktShRKtvf/UGMUkjKjThWKmu6yTaz7DUjHCa13qpogkmYzykXUMFjqjys+nVOToyygCFsTQlNJqqvycyHCk1iQLTGWE9UvNeIf7ndVMdXvgZE0mqqSCzRWHKkY5REQEaMEmJ5hNDMJHM3IrICJsgtAmqCMGdf3mReKeNy4Zze1ZvXpVpVOEADuEYXDiHJtxACzwgIOEZXuHNerJerHfrY9ZascqZffgD6/MHTrmR7A==</latexit><latexit sha1_base64="5YmZt5vT2pp+mnPiYC0V17aR8FM=">AAAB9HicbVBNS8NAEJ3Ur1q/oh69LBbBiyURQb0VvXisYGyhjWWz3bRLN5uwu1FKyP/w4kHFqz/Gm//GTZuDtj4YeLw3w8y8IOFMacf5tipLyyura9X12sbm1vaOvbt3r+JUEuqRmMeyE2BFORPU00xz2kkkxVHAaTsYXxd++5FKxWJxpycJ9SM8FCxkBGsjPfRCiUnm5llwgvNa3647DWcKtEjcktShRKtvf/UGMUkjKjThWKmu6yTaz7DUjHCa13qpogkmYzykXUMFjqjys+nVOToyygCFsTQlNJqqvycyHCk1iQLTGWE9UvNeIf7ndVMdXvgZE0mqqSCzRWHKkY5REQEaMEmJ5hNDMJHM3IrICJsgtAmqCMGdf3mReKeNy4Zze1ZvXpVpVOEADuEYXDiHJtxACzwgIOEZXuHNerJerHfrY9ZascqZffgD6/MHTrmR7A==</latexit>

Xi ⇠ p(x) = C
Z b

a
p(x) dx = 1

=)
Z b

a
C dx = 1

=) C =
1

b� a
<latexit sha1_base64="Z70W0ninmevicTzhk+BvV8aqe4s="></latexit><latexit sha1_base64="Z70W0ninmevicTzhk+BvV8aqe4s="></latexit><latexit sha1_base64="Z70W0ninmevicTzhk+BvV8aqe4s="></latexit>

Xi ⇠ p(x) = C
Z b

a
p(x) dx = 1

=)
Z b

a
C dx = 1

=) C =
1

b� a
<latexit sha1_base64="Z70W0ninmevicTzhk+BvV8aqe4s="></latexit><latexit sha1_base64="Z70W0ninmevicTzhk+BvV8aqe4s="></latexit><latexit sha1_base64="Z70W0ninmevicTzhk+BvV8aqe4s="></latexit>

Xi ⇠ p(x) = C
Z b

a
p(x) dx = 1

=)
Z b

a
C dx = 1

=) C =
1

b� a
<latexit sha1_base64="Z70W0ninmevicTzhk+BvV8aqe4s="></latexit><latexit sha1_base64="Z70W0ninmevicTzhk+BvV8aqe4s="></latexit><latexit sha1_base64="Z70W0ninmevicTzhk+BvV8aqe4s="></latexit>

Xi ⇠ p(x) = C
Z b

a
p(x) dx = 1

=)
Z b

a
C dx = 1

=) C =
1

b� a
<latexit sha1_base64="Z70W0ninmevicTzhk+BvV8aqe4s="></latexit><latexit sha1_base64="Z70W0ninmevicTzhk+BvV8aqe4s="></latexit><latexit sha1_base64="Z70W0ninmevicTzhk+BvV8aqe4s="></latexit>

(constant)

X2

F =
1
2

( f(X1)(b − a) + f(X2)(b − a))

X1
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Example: Basic Monte Carlo Estimator

The basic Monte Carlo estimator is a simple special 
case where we sample with a uniform random variable 

Uniform random variable f(x)

x0 = a x4 = b

Z b

a
f(x)dx = F (b)� F (a)

xi

p(x)
<latexit sha1_base64="i+ZbUDqk9xvQm6nWy3FRypWL+4A=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoignorevFYwdhCG8pmu2mX7m7C7kYsoX/BiwcVr/4ib/4bN20O2vpg4PHeDDPzwoQzbVz32ymtrK6tb5Q3K1vbO7t71f2DBx2nilCfxDxWnRBrypmkvmGG006iKBYhp+1wfJP77UeqNIvlvZkkNBB4KFnECDa5lNSfTvvVmttwZ0DLxCtIDQq0+tWv3iAmqaDSEI617npuYoIMK8MIp9NKL9U0wWSMh7RrqcSC6iCb3TpFJ1YZoChWtqRBM/X3RIaF1hMR2k6BzUgvern4n9dNTXQZZEwmqaGSzBdFKUcmRvnjaMAUJYZPLMFEMXsrIiOsMDE2nooNwVt8eZn4Z42rhnt3XmteF2mU4QiOoQ4eXEATbqEFPhAYwTO8wpsjnBfn3fmYt5acYuYQ/sD5/AHo5o2u</latexit><latexit sha1_base64="i+ZbUDqk9xvQm6nWy3FRypWL+4A=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoignorevFYwdhCG8pmu2mX7m7C7kYsoX/BiwcVr/4ib/4bN20O2vpg4PHeDDPzwoQzbVz32ymtrK6tb5Q3K1vbO7t71f2DBx2nilCfxDxWnRBrypmkvmGG006iKBYhp+1wfJP77UeqNIvlvZkkNBB4KFnECDa5lNSfTvvVmttwZ0DLxCtIDQq0+tWv3iAmqaDSEI617npuYoIMK8MIp9NKL9U0wWSMh7RrqcSC6iCb3TpFJ1YZoChWtqRBM/X3RIaF1hMR2k6BzUgvern4n9dNTXQZZEwmqaGSzBdFKUcmRvnjaMAUJYZPLMFEMXsrIiOsMDE2nooNwVt8eZn4Z42rhnt3XmteF2mU4QiOoQ4eXEATbqEFPhAYwTO8wpsjnBfn3fmYt5acYuYQ/sD5/AHo5o2u</latexit><latexit sha1_base64="i+ZbUDqk9xvQm6nWy3FRypWL+4A=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkoignorevFYwdhCG8pmu2mX7m7C7kYsoX/BiwcVr/4ib/4bN20O2vpg4PHeDDPzwoQzbVz32ymtrK6tb5Q3K1vbO7t71f2DBx2nilCfxDxWnRBrypmkvmGG006iKBYhp+1wfJP77UeqNIvlvZkkNBB4KFnECDa5lNSfTvvVmttwZ0DLxCtIDQq0+tWv3iAmqaDSEI617npuYoIMK8MIp9NKL9U0wWSMh7RrqcSC6iCb3TpFJ1YZoChWtqRBM/X3RIaF1hMR2k6BzUgvern4n9dNTXQZZEwmqaGSzBdFKUcmRvnjaMAUJYZPLMFEMXsrIiOsMDE2nooNwVt8eZn4Z42rhnt3XmteF2mU4QiOoQ4eXEATbqEFPhAYwTO8wpsjnBfn3fmYt5acYuYQ/sD5/AHo5o2u</latexit>

x0 = a x4 = bxi

1

b� a
<latexit sha1_base64="5YmZt5vT2pp+mnPiYC0V17aR8FM=">AAAB9HicbVBNS8NAEJ3Ur1q/oh69LBbBiyURQb0VvXisYGyhjWWz3bRLN5uwu1FKyP/w4kHFqz/Gm//GTZuDtj4YeLw3w8y8IOFMacf5tipLyyura9X12sbm1vaOvbt3r+JUEuqRmMeyE2BFORPU00xz2kkkxVHAaTsYXxd++5FKxWJxpycJ9SM8FCxkBGsjPfRCiUnm5llwgvNa3647DWcKtEjcktShRKtvf/UGMUkjKjThWKmu6yTaz7DUjHCa13qpogkmYzykXUMFjqjys+nVOToyygCFsTQlNJqqvycyHCk1iQLTGWE9UvNeIf7ndVMdXvgZE0mqqSCzRWHKkY5REQEaMEmJ5hNDMJHM3IrICJsgtAmqCMGdf3mReKeNy4Zze1ZvXpVpVOEADuEYXDiHJtxACzwgIOEZXuHNerJerHfrY9ZascqZffgD6/MHTrmR7A==</latexit><latexit sha1_base64="5YmZt5vT2pp+mnPiYC0V17aR8FM=">AAAB9HicbVBNS8NAEJ3Ur1q/oh69LBbBiyURQb0VvXisYGyhjWWz3bRLN5uwu1FKyP/w4kHFqz/Gm//GTZuDtj4YeLw3w8y8IOFMacf5tipLyyura9X12sbm1vaOvbt3r+JUEuqRmMeyE2BFORPU00xz2kkkxVHAaTsYXxd++5FKxWJxpycJ9SM8FCxkBGsjPfRCiUnm5llwgvNa3647DWcKtEjcktShRKtvf/UGMUkjKjThWKmu6yTaz7DUjHCa13qpogkmYzykXUMFjqjys+nVOToyygCFsTQlNJqqvycyHCk1iQLTGWE9UvNeIf7ndVMdXvgZE0mqqSCzRWHKkY5REQEaMEmJ5hNDMJHM3IrICJsgtAmqCMGdf3mReKeNy4Zze1ZvXpVpVOEADuEYXDiHJtxACzwgIOEZXuHNerJerHfrY9ZascqZffgD6/MHTrmR7A==</latexit><latexit sha1_base64="5YmZt5vT2pp+mnPiYC0V17aR8FM=">AAAB9HicbVBNS8NAEJ3Ur1q/oh69LBbBiyURQb0VvXisYGyhjWWz3bRLN5uwu1FKyP/w4kHFqz/Gm//GTZuDtj4YeLw3w8y8IOFMacf5tipLyyura9X12sbm1vaOvbt3r+JUEuqRmMeyE2BFORPU00xz2kkkxVHAaTsYXxd++5FKxWJxpycJ9SM8FCxkBGsjPfRCiUnm5llwgvNa3647DWcKtEjcktShRKtvf/UGMUkjKjThWKmu6yTaz7DUjHCa13qpogkmYzykXUMFjqjys+nVOToyygCFsTQlNJqqvycyHCk1iQLTGWE9UvNeIf7ndVMdXvgZE0mqqSCzRWHKkY5REQEaMEmJ5hNDMJHM3IrICJsgtAmqCMGdf3mReKeNy4Zze1ZvXpVpVOEADuEYXDiHJtxACzwgIOEZXuHNerJerHfrY9ZascqZffgD6/MHTrmR7A==</latexit>

Xi ⇠ p(x) = C
Z b

a
p(x) dx = 1

=)
Z b

a
C dx = 1

=) C =
1

b� a
<latexit sha1_base64="Z70W0ninmevicTzhk+BvV8aqe4s="></latexit><latexit sha1_base64="Z70W0ninmevicTzhk+BvV8aqe4s="></latexit><latexit sha1_base64="Z70W0ninmevicTzhk+BvV8aqe4s="></latexit>

Xi ⇠ p(x) = C
Z b

a
p(x) dx = 1

=)
Z b

a
C dx = 1

=) C =
1

b� a
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(constant)
Uniformly at random take 

N samples, evaluate at 
each sample point, and 

take the average.

FN =
1
N

N

∑
i=1

f(Xi)(b − a)
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Example: Basic Monte Carlo Estimator

The basic Monte Carlo estimator is a simple special 
case where we sample with a uniform random variable 

Uniform random variable f(x)

x0 = a x4 = b

Z b

a
f(x)dx = F (b)� F (a)

xi

p(x)
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(constant)
FN =

1
N

N

∑
i=1

f(Xi)(b − a)

The probability density 
function (PDF) of sampling

FN =
1
N

N

∑
i=1

f(Xi)
1

(b − a)
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Example: Basic Monte Carlo Estimator

The basic Monte Carlo estimator is a simple special 
case where we sample with a uniform random variable 

Uniform random variable f(x)

x0 = a x4 = b

Z b

a
f(x)dx = F (b)� F (a)

xi

p(x)
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(constant)

FN =
1
N

N

∑
i=1

f(Xi)
p(Xi)

where

Monte Carlo Estimator

∫
b

a
p(x)dx = 1



Lr(p, ωr) = ∫Ω
fr(p, ωi → ωr)Li(p, ωi)cos θidωi

Solving the Rendering Equation

43

1
N

N

∑
1

fr(p, ωi → ωr)Li(p, ωi)cos θi

p(ωi) Probability density used to 
sample incident raysRen NgCS184/284A

The Reflection Equation

Lr(p,!r) =

Z

H2

fr(p,!i ! !r)Li(p,!i) cos ✓i d!i
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Li(p,!i)

Monte Carlo Estimator



F2048
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F4

Impact of Amount of Samples FN =
1
N

N

∑
i=1

f(Xi)
p(Xi)

Neither has systematic 
bias, but F4 has larger 

variance than F2048; 
larger variance leads to 

more noise.

Calculating one pixel value 
requires one application of 

the estimator (one 
application == “taking N 
samples and averaging 

them”). Nearby pixels are 
supposed to have similar 

colors but are estimated to 
be different because of 

large variance in F4.
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Bias vs. Variance
High Variance Low Variance

Low Bias

High Bias



46http://graphics.stanford.edu/courses/cs348b-10/lectures/path/path.pdf

Page 11 

CS348B Lecture 14 Pat Hanrahan, Spring 2010 

Variance Decreases with N 

10 rays per pixel 100 rays per pixel 

From Jensen, Realistic Image Synthesis Using Photon Maps 

CS348B Lecture 14 Pat Hanrahan, Spring 2010 

Fixed Sampling (Not Random Enough) 

Fixed, rather than 
random, sampling leads 
to a biased estimator.


Why? A fixed pattern 
will systematically miss 

certain information.



Importance Sampling
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Issue: reducing variance requires taking 
more samples, but we can only afford to 
take certain amount of samples at 
rendering time.


Importance sampling: sample more 
often where the contribution to the 
integration is high.

Ren NgCS184/284A

Importance Sampling

�

� (�)

complicated integrand

�

�(�)

our best guess for where the integrand is “big”

Inefficient to sample heavily here! 
(small contribution to integral) FN =

b� a

N

NX

i=1

f(Xi)

Basic Monte Carlo:

(xi are sampled uniformly)

Importance-Sampled Monte Carlo:

(xi are sampled proportional to p)

“If I sample x less frequently, each sample 
should count for more.”

Simple idea: sample the integrand according to how much we 
expect it to contribute to the integral.

Note: p(x) must be non-zero where f(x) is non-zero

Z b

a
f(x) dx ⇡ 1

N

NX

i=1

f(xi)
1
N

PN
k=1 pk(xi)
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Importance Sampling

�

� (�)

complicated integrand

�

�(�)

our best guess for where the integrand is “big”

Inefficient to sample heavily here! 
(small contribution to integral) FN =

b� a

N

NX

i=1

f(Xi)

Basic Monte Carlo:

(xi are sampled uniformly)

Importance-Sampled Monte Carlo:

(xi are sampled proportional to p)

“If I sample x less frequently, each sample 
should count for more.”

Simple idea: sample the integrand according to how much we 
expect it to contribute to the integral.

Note: p(x) must be non-zero where f(x) is non-zero

Z b

a
f(x) dx ⇡ 1

N

NX

i=1

f(xi)
1
N

PN
k=1 pk(xi)

FN =
1
N

N

∑
i=1

f(Xi)(b − a)
This is a biased estimator 

given a non-uniform 
sampling PDF; it would 

over-estimate.

FN =
1
N

N

∑
i=1

f(Xi)
p(Xi)

The correct (unbiased) 
Monte Carlo estimator 
counts more frequently 

samples less.
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Importance Sampling

�

� (�)

complicated integrand

�

�(�)

our best guess for where the integrand is “big”

Inefficient to sample heavily here! 
(small contribution to integral) FN =

b� a

N

NX

i=1

f(Xi)

Basic Monte Carlo:

(xi are sampled uniformly)

Importance-Sampled Monte Carlo:

(xi are sampled proportional to p)

“If I sample x less frequently, each sample 
should count for more.”

Simple idea: sample the integrand according to how much we 
expect it to contribute to the integral.

Note: p(x) must be non-zero where f(x) is non-zero

Z b

a
f(x) dx ⇡ 1

N

NX

i=1

f(xi)
1
N

PN
k=1 pk(xi)

The perfect PDF has the same shape as 
the integrand, which we don’t know.


• Otherwise no need to sample!


Heuristics that help us determine the 
general shape of the integrand:


• Light sources


• BRDF


• Train a deep learning model to predict?

∫Ω
fr(p, ωi → ωr)Li(p, ωi)cos θidωi
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Hemispherical Solid Angle 
Sampling 100 rays 

(random directions drawn 
uniformly from hemisphere)

Consider only direct lighting here
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The MC estimator uses different random 
directions at each pixel. Only some  
directions point towards the light. 

(Estimator is a random variable)

Why does this image look “noisy”?

Consider only direct lighting here
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If no occlusion is present, all directions chosen in computing estimate “hit” the light source.

(Choice of direction only matters if portion of light is occluded from surface point p.)

Sampling Light Source Area 
100 rays

Consider only direct lighting here
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Importance Sampling Examples

Uniform PDF PDF proportional to BRDF

https://pbr-book.org/3ed-2018/Monte_Carlo_Integration/Importance_Sampling



Nasty Case: Caustics

Caustics: light bounces off a surface in specular manner and then hits a 
diffuse surface as it illuminates it


• Importance sampling based on surface BRDF will lead to uniform sampling, but incident 
lights actually come from only a small region

54https://www.chaosgroup.com/blog/what-are-caustics-and-how-to-render-them-the-right-way



Still, It Requires Recursion
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The Reflection Equation

Lr(p,!r) =

Z

H2

fr(p,!i ! !r)Li(p,!i) cos ✓i d!i
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Li(p,!i)

The moment we sample more than one ray at each point, the total number 
of rays grows exponentially, which is clearly intractable.


But it’s necessary for global illumination (to account for indirect illumination).

Lr(p, ωr) =
1
N

N

∑
1

fr(p, ωi → ωr)Li(p, ωi)cos θi

p(ωj)
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1-Bounce Paths Connecting Ray to Light 

Camera Light
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2-Bounce Paths Connecting Ray to Light

Camera Light
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2-Bounce Paths Connecting Ray to Light 

Camera Light
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3-Bounce Paths Connecting Ray to Light

Camera Light
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3-Bounce Path Connecting Ray to Light 

Camera Light
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Integrating Over All Paths (Uncountably Infinite Set)

Energy of camera ray = energy of all one-bounce paths +

energy of all two-bounce paths +

energy of all three-bounce paths +

energy of all four-bounce paths +

……

Infinitely many groups

Infinitely many rays in each group



Path Tracing
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Probabilistic termination of recursion.

• Need to change the estimator slightly to get it to be unbiased (not discussed here).


At each point, randomly cast two rays:

• One toward light source, not recursive, can importance sample the light source area


• One toward other area, recursive (with probabilistic termination), can importance sample 
based on BRDF


• Add the two up
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 CMU 15-462/662, Fall 2015

One sample (path) per pixel



64
 CMU 15-462/662, Fall 2015

32 samples (paths) per pixel



65
 CMU 15-462/662, Fall 2015

1024 samples (paths) per pixel



Integration inside Camera
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5D Integral: Real Camera Pixel Exposure

p

p0

r2

✓

✓

d

Sensor plane

Lens aperture

Pixel area

Qpixel =
1

d2

Z t1

t0

Z

Alens

Z

Apixel

L(p0 ! p, t) cos4 ✓ dp dp0 dt

4D for the light field (2D for 

pixel + 2D for aperture) + 1D for 
exposure time

August 2006 47

nonperspective panoramas, and to build 3D models of
scenes from multiple images of them. 

This survey of the theory and practice of light field
imaging emphasizes the devices researchers in computer
graphics and computer vision have built to capture light
fields photographically and the techniques they’ve devel-
oped to compute novel images from them.

PLENOPTIC FUNCTIONS AND LIGHT FIELDS
This article focuses on geometrical optics—that is,

spatially incoherent illumination—and on objects sig-
nificantly larger than the wavelength of light. In geo-
metrical optics, rays are the fundamental light carrier.
The amount of light traveling along a ray is radiance,
denoted by L and measured in watts (W) per steradian
(sr) per meter squared (m2). Steradians measure a solid
angle, and meters squared are used here as a measure of
cross-sectional area, as Figure 1a shows.

The radiance along all such rays in a region of 3D
space illuminated by an unchanging arrangement of
lights has been dubbed the plenoptic function.5 Since
rays in space can be parameterized by coordinates, x, y,
and z and angles ! and ", as Figure 1b shows, it is a 5D
function.

If the region of interest contains a concave object
(think of a cupped hand), then light leaving one point

on the object can travel only a short distance before
another point on the object blocks it. We know of no
device that can measure the plenoptic function in such
regions. However, if we restrict ourselves to locations
outside the object’s convex hull (think shrink-wrap), we
can measure the plenoptic function easily using a digi-
tal camera.

In this case, the function contains redundant infor-
mation, because the radiance along a ray remains con-
stant from point to point, as Figure 1c shows. In fact,
the redundant information is exactly one dimension,
leaving us with a 4D function that Parry Moon called
the photic field6 and Pat Hanrahan and I call the 4D
light field.3 Formally, the 4D light field is defined as radi-
ance along rays in empty space.

This 4D set of rays can be parameterized in a variety
of ways, which Figure 2 shows. One option is to para-
meterize rays by their intersection with two planes in
general position, as Figure 2c shows. While this para-
meterization can’t represent all rays (for example, rays
parallel to the two planes if the planes are parallel to each
other), it relates closely to the analytic geometry of per-
spective imaging. Indeed, a simple way to think about a
two-plane light field is as a collection of perspective
images of the st plane (and any objects that may lie
beyond it), each taken from an observer position on the

(x,y,z)

Cross-sectional area

Solid angle

L

(a) (b) (c) 

L(x,y,z,θ,φ)

θ

Figure 1.The 5D plenoptic function, representing the flow of light through 3D space. (a) Radiance L along a ray can be thought of
as the amount of light traveling along all possible straight lines through a tube whose size is determined by its solid angle and
cross-sectional area. (b) Parameterizing a ray by position (x, y, z) and direction (!, "). (c) Radiance along a ray remains constant if
there are no blockers.This leads to redundancy in the plenoptic function.

u

v

s

t L(u,v,s,t)

(a) (b) (c)

Figure 2. Alternative parameterizations of the 4D light field, which represents the flow of light through an empty region of 3D
space. (a) Points on a plane or curved surface and directions leaving each point. (b) Pairs of points on the surface of a sphere.
(c) Pairs of points on two planes in general (meaning any) position.



Sampling inside Camera

That’s why when generating rays we need to sample both pixel and lens.

• More samples reduce noise (lower variance).

67http://www.pbr-book.org/3ed-2018/Camera_Models/Projective_Camera_Models.html

2048 samples/point 4 samples/point



Alias vs. Noise

68http://www.pbr-book.org/3ed-2018/Camera_Models/Projective_Camera_Models.html

Point Sampling

One sample per pixel

Aliasing: high-frequency signals (e.g., edge) 
masquerading as low-frequency signals (e.g., 

patterned jaggies)

Both are because of low sampling rate, but effects are different.

Noise: low-frequency signals (e.g., similar 
adjacent pixels) showing up as high-frequency 

signals (e.g., very different adjacent pixels)



Integration in Rendering
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5D Integral: Real Camera Pixel Exposure
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L(p0 ! p, t) cos4 ✓ dp dp0 dt
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The Reflection Equation

Lr(p,!r) =

Z

H2

fr(p,!i ! !r)Li(p,!i) cos ✓i d!i
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Li(p,!i)

Once a ray is in the scene and 
hits a point: 2D integration over 

hemisphere for each point



70

Volume Scattering
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Volume Scattering

Particles scatter and absorb photons, and it’s important to model in:

• Translucent materials (e.g., jade, skin), which have strong subsurface scattering (SSS) in 

addition to surface scattering.  SSS can be ignored in cases where refraction is weak or 
particle absorption is strong so that the back-scattering doesn’t contribute much to the 
overall material appearance.


• “Participating media” (e.g., cloud, smoke), which have no surface and everything in 
volume scattering.
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Translucency == Subsurface Scattering

74

So far we consider only surface 
reflection, but not how photons 
interact with particles under surface.


Particles of translucent materials under 
the material surface scatter lights like 
crazy and some scattered photons 
make their way out of the surface.



75



76

General Idea

The principle way to model volume scattering is the Radiative Transfer 
theory, which is an integro-differential equation that generally have no 
analytical solution.


We solve it by:

• make simplified assumptions (e.g., Kubelka-Munk model for diffuse illumination and 

isotropic scattering, diffusion approximation applied to BSSDF [Jensen et al. 2000]) 


• plus: using numerical methods to approximate the solution (e.g, monte-carlo estimator)

https://graphics.stanford.edu/papers/bssrdf/bssrdf.pdf
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Volume Scattering Processes

https://pbr-book.org/4ed/Volume_Scattering/Volume_Scattering_Processes

Absorption

Emission
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Volume Scattering Processes

https://pbr-book.org/4ed/Volume_Scattering/Volume_Scattering_Processes

Out-scattering

In-Scattering
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Radiative Transfer Equations

ω ⋅ ∇L(p, ω) = − σt(p, ω)L(p, ω) + σa(p, ω)Le(p, ω) + σs(p, ω)∫4π
p(p, ω, ωi)L(p, ωi)dωi

Absorption coefficient Emission Scattering coefficient

Phase function: radiance distribution 
at p from ωi to ω (the integration over 

ωi is normalized to 1)Extinction coefficient = absorption 
+ scattering coefficients

Incident radiance at p toward ω

Intuition: we account for the change of radiance at p along direction ω by

• Removing the absorbed and out-scattered (extinction) portion of incident ray


• Adding emission


• Adding in-scattering (integrated over all directions)

Change of radiance at p toward 
ω (∇ is directional derivative)

https://en.wikipedia.org/wiki/Del#Directional_derivative
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Scattering vs. Size (Effects Phase Function)

Digital Color Imaging Handbook, Gaurav Sharma

192 Digital Color Imaging Handbook

3.5.3 Multiple scattering

In the framework of the Rayleigh and the Mie theory, we assumed that the
scattering particles are independent; i.e., the light scattered by one particle
does not interact with other particles. With diminishing distance between
the particles or increasing thickness of the medium, this assumption no
longer holds, and single scattering gives way to multiple scattering. It can
be shown that, for a sufficient number of particles, regardless of the scattering
law used, an isotropic distribution ultimately arises.20 With multiple scatter-
ing, the characteristic properties of single scattering disappear more or less
rapidly according to the given conditions.
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r = 40 nm

(<0.1 𝛌)

r = 80 nm

(0.16 𝛌)

r = 120 nm

(0.24 𝛌)

Spherical gold particle scattering 500 nm photons.


As particle size increases

• significantly more forward scattering + higher scattering efficiency
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Scattering vs. Size (Effects Phase Function)

Colour and the Optical Properties of Materials 3ed, Tilley

Scattering 550 nm photons.


As particle size increases

• significantly more forward scattering + higher scattering efficiencyOn the other hand, the power of theMie theory is that it allows the scattering to be evaluated via a calculation

of the cross-sections for extinction Ce, scattering Cs and absorption Ca, where:

Ce ¼ Cs þCa

When absorption can be ignored:
Ce ¼ Cs

These figures are often presented as efficiencies, or efficiency factors, Q:

Qe ¼
Ce

G
Qs ¼

Cs

G
Qa ¼

Ca

G

whereG is the geometrical cross-sectional area of the particle projected onto the beam direction. For spherical
particles, G¼ pa2, where a is the sphere radius.
The attenuation of a beam of light given by Equation 1.7:

Ix ¼ Io expð$aexÞ

can be expressed in terms of the extinction cross-section as:

Ix ¼ Io expð$NvCexÞ ð5:3Þ

and in the case where only scattering is important as:

Ix ¼ Io expð$NvCsxÞ

where Nv is the number of extinction (scattering, absorption) centres per unit volume. These equations can be
written in terms efficiency factors, which, for spherical particles, are:

Ix ¼ Io expð$Nvpr2QexÞ

Ix ¼ Io expð$Nvpr2QsxÞ
ð5:4Þ
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(d) (e)

0.10.10.1
100 nmparticle radius =  50 nm

(c)(b)(a)

10 nm

Figure 5.13 Mie scattering patterns for light of wavelength 550 nm from nonabsorbing particles of increasing
radius with a refractive index of 1.5, in air. The scattered irradiance is proportional to the length of the arrows.
Scale bars indicate the extent of scattering. Note that the scale in (d) and (e) is 10& that of the scale in (a)–(c)

Colour and the Optical Properties of Materials 186

On the other hand, the power of theMie theory is that it allows the scattering to be evaluated via a calculation
of the cross-sections for extinction Ce, scattering Cs and absorption Ca, where:

Ce ¼ Cs þCa

When absorption can be ignored:
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These figures are often presented as efficiencies, or efficiency factors, Q:

Qe ¼
Ce

G
Qs ¼

Cs

G
Qa ¼

Ca

G

whereG is the geometrical cross-sectional area of the particle projected onto the beam direction. For spherical
particles, G¼ pa2, where a is the sphere radius.
The attenuation of a beam of light given by Equation 1.7:

Ix ¼ Io expð$aexÞ

can be expressed in terms of the extinction cross-section as:
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Colour and the Optical Properties of Materials 186

Length is proportional to scattering efficiency

~0.02 𝛌 ~0.1 𝛌 ~0.18 𝛌 ~0.91 𝛌 ~1.82 𝛌
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Scattering vs. Size

High scattering efficiencyLow scattering efficiency

Mostly forward scattering
Even backward and 
forward scattering

Small cross section area Large cross section area

On the other hand, the power of theMie theory is that it allows the scattering to be evaluated via a calculation
of the cross-sections for extinction Ce, scattering Cs and absorption Ca, where:

Ce ¼ Cs þCa

When absorption can be ignored:
Ce ¼ Cs

These figures are often presented as efficiencies, or efficiency factors, Q:

Qe ¼
Ce

G
Qs ¼

Cs

G
Qa ¼

Ca

G

whereG is the geometrical cross-sectional area of the particle projected onto the beam direction. For spherical
particles, G¼ pa2, where a is the sphere radius.
The attenuation of a beam of light given by Equation 1.7:

Ix ¼ Io expð$aexÞ

can be expressed in terms of the extinction cross-section as:

Ix ¼ Io expð$NvCexÞ ð5:3Þ

and in the case where only scattering is important as:

Ix ¼ Io expð$NvCsxÞ

where Nv is the number of extinction (scattering, absorption) centres per unit volume. These equations can be
written in terms efficiency factors, which, for spherical particles, are:

Ix ¼ Io expð$Nvpr2QexÞ

Ix ¼ Io expð$Nvpr2QsxÞ
ð5:4Þ

1.01.0
1000 nmparticle radius =  500 nm

(d) (e)

0.10.10.1
100 nmparticle radius =  50 nm

(c)(b)(a)

10 nm

Figure 5.13 Mie scattering patterns for light of wavelength 550 nm from nonabsorbing particles of increasing
radius with a refractive index of 1.5, in air. The scattered irradiance is proportional to the length of the arrows.
Scale bars indicate the extent of scattering. Note that the scale in (d) and (e) is 10& that of the scale in (a)–(c)
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On the other hand, the power of theMie theory is that it allows the scattering to be evaluated via a calculation
of the cross-sections for extinction Ce, scattering Cs and absorption Ca, where:

Ce ¼ Cs þCa

When absorption can be ignored:
Ce ¼ Cs

These figures are often presented as efficiencies, or efficiency factors, Q:

Qe ¼
Ce

G
Qs ¼

Cs

G
Qa ¼

Ca

G

whereG is the geometrical cross-sectional area of the particle projected onto the beam direction. For spherical
particles, G¼ pa2, where a is the sphere radius.
The attenuation of a beam of light given by Equation 1.7:

Ix ¼ Io expð$aexÞ

can be expressed in terms of the extinction cross-section as:

Ix ¼ Io expð$NvCexÞ ð5:3Þ

and in the case where only scattering is important as:

Ix ¼ Io expð$NvCsxÞ

where Nv is the number of extinction (scattering, absorption) centres per unit volume. These equations can be
written in terms efficiency factors, which, for spherical particles, are:

Ix ¼ Io expð$Nvpr2QexÞ

Ix ¼ Io expð$Nvpr2QsxÞ
ð5:4Þ
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Figure 5.13 Mie scattering patterns for light of wavelength 550 nm from nonabsorbing particles of increasing
radius with a refractive index of 1.5, in air. The scattered irradiance is proportional to the length of the arrows.
Scale bars indicate the extent of scattering. Note that the scale in (d) and (e) is 10& that of the scale in (a)–(c)
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Length is proportional to scattering efficiency
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Scattering vs. Size

High scattering efficiencyLow scattering efficiency

Mostly forward scattering
Even backward and 
forward scattering

Small cross section area Large cross section area

On the other hand, the power of theMie theory is that it allows the scattering to be evaluated via a calculation
of the cross-sections for extinction Ce, scattering Cs and absorption Ca, where:

Ce ¼ Cs þCa

When absorption can be ignored:
Ce ¼ Cs

These figures are often presented as efficiencies, or efficiency factors, Q:

Qe ¼
Ce

G
Qs ¼

Cs

G
Qa ¼

Ca

G

whereG is the geometrical cross-sectional area of the particle projected onto the beam direction. For spherical
particles, G¼ pa2, where a is the sphere radius.
The attenuation of a beam of light given by Equation 1.7:

Ix ¼ Io expð$aexÞ

can be expressed in terms of the extinction cross-section as:

Ix ¼ Io expð$NvCexÞ ð5:3Þ

and in the case where only scattering is important as:

Ix ¼ Io expð$NvCsxÞ

where Nv is the number of extinction (scattering, absorption) centres per unit volume. These equations can be
written in terms efficiency factors, which, for spherical particles, are:

Ix ¼ Io expð$Nvpr2QexÞ

Ix ¼ Io expð$Nvpr2QsxÞ
ð5:4Þ
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Figure 5.13 Mie scattering patterns for light of wavelength 550 nm from nonabsorbing particles of increasing
radius with a refractive index of 1.5, in air. The scattered irradiance is proportional to the length of the arrows.
Scale bars indicate the extent of scattering. Note that the scale in (d) and (e) is 10& that of the scale in (a)–(c)
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On the other hand, the power of theMie theory is that it allows the scattering to be evaluated via a calculation
of the cross-sections for extinction Ce, scattering Cs and absorption Ca, where:

Ce ¼ Cs þCa

When absorption can be ignored:
Ce ¼ Cs

These figures are often presented as efficiencies, or efficiency factors, Q:

Qe ¼
Ce

G
Qs ¼

Cs

G
Qa ¼

Ca

G

whereG is the geometrical cross-sectional area of the particle projected onto the beam direction. For spherical
particles, G¼ pa2, where a is the sphere radius.
The attenuation of a beam of light given by Equation 1.7:

Ix ¼ Io expð$aexÞ

can be expressed in terms of the extinction cross-section as:

Ix ¼ Io expð$NvCexÞ ð5:3Þ

and in the case where only scattering is important as:

Ix ¼ Io expð$NvCsxÞ

where Nv is the number of extinction (scattering, absorption) centres per unit volume. These equations can be
written in terms efficiency factors, which, for spherical particles, are:

Ix ¼ Io expð$Nvpr2QexÞ

Ix ¼ Io expð$Nvpr2QsxÞ
ð5:4Þ
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Figure 5.13 Mie scattering patterns for light of wavelength 550 nm from nonabsorbing particles of increasing
radius with a refractive index of 1.5, in air. The scattered irradiance is proportional to the length of the arrows.
Scale bars indicate the extent of scattering. Note that the scale in (d) and (e) is 10& that of the scale in (a)–(c)
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Modeling Translucency Using BSSDF
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Ren NgCS184/284A

▪ BSSRDF: generalization of BRDF; exitant radiance at one 
point due to incident differential irradiance at another point:

Scattering Functions

S(xi,!i, xo,!o)

▪ Generalization of rendering equation: integrating over all 
points on the surface and all directions (!)

L(xo,!o) =

Z

A

Z

H2

S(xi,!i, xo,!o)Li(xi,!i) cos ✓i d!i dA

BRDF BSSRDF
[Jensen et al. 2001]

Bidirectional Subsurface Scattering Distribution Function (BSSDF).

Lr(pr, ωr) = ∫A ∫Ω
fbssdf(pi, ωi → pr, ωr)Li(pi, ωi)cos θidωidA

Models how the irradiance of an incident ray affects 
radiance of other rays at other spatial points.

Integrate over all points on the 
surface and from all directions 

https://graphics.stanford.edu/papers/bssrdf/bssrdf.pdf
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BRDF

[Jensen et al. 2001]
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BSSRDF

[Jensen et al. 2001]

Derive BSSDF from radiative transfer equation 
assuming diffuse/isotropic scattering and then 

use Monte Carlo integration to solve the 
integration equation.
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Texture Mapping
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Chocolate Wrappers

Ren NgCS184/284A

Think Chocolate Wrappers
Texture image

Slide credit: Ren Ng
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Rendering Using Texture

Ren NgCS184/284A

Visualization of Texture Coordinates

Visualization of texture coordinates

u

v Triangle vertices in texture space

Each surface point is assigned a texture coordinate (u,v) 
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Rendering Using Texture

Ren NgCS184/284A

Image Texture Applied to Surface

u

vRendered result Triangle vertices in texture space

Each surface point is assigned a texture coordinate (u,v) 
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Main Idea (Ideal Scenario)

Ren NgCS184/284A

Image Texture Applied to Surface

u

vRendered result Triangle vertices in texture space

Each surface point is assigned a texture coordinate (u,v) 
Step 1: pre-compute color 
information of each point of 
the scene/mesh.

Step 2: map the 3D scene to a 
2D image (a.k.a., texture 
map); record the vertex to 
texel mapping (e.g., in mesh).

Step 3: during rendering, for 
each triangle, find the vertices, 
and then find the triangle in 
the texture map and copy it!
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Main Idea

Ren NgCS184/284A

Three Spaces

Surface lives in 3D world space 
Every 3D surface point also has a place where it goes 
in the 2D image and in the 2D texture.

x
y

z u

v

xs

ys

ڶ
δ

world spaceimage space texture spaceScreen space Texture spaceWorld space

Step 1

Step 2

Step 3
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Texture Mapping is (Re-sampling)

Ren NgCS184/284A

Three Spaces

Surface lives in 3D world space 
Every 3D surface point also has a place where it goes 
in the 2D image and in the 2D texture.

x
y

z u

v

xs

ys

ڶ
δ

world spaceimage space texture spaceScreen space Texture spaceWorld space

Step 1
Step 2

Step 3

Step 1 necessarily has to sample the mesh, since we can’t possible calculate 
color (or any other information) for infinitely many points.
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Texture Mapping is (Re-sampling)

Step 3 again has to sample, because a screen space point most likely won’t 
be a point whose information is calculated in Step 1.

Ren NgCS184/284A

Three Spaces

Surface lives in 3D world space 
Every 3D surface point also has a place where it goes 
in the 2D image and in the 2D texture.

x
y

z u

v

xs

ys

ڶ
δ

world spaceimage space texture spaceScreen space Texture spaceWorld space

Step 1
Step 2

Step 3
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Screen Pixel Footprint in Texture 

upsampling
magnification

downsampling
minification

Upsampling 
(Magnification)

Downsampling 
(Minification)
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Bilinear Filtering

Want to sample 
texture value f(u,v) at 
red point  
 
Black points indicate 
texture sample 
locations
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Bilinear Filtering

u00

u01 u11

u10

t

s

And fractional 
offsets, (s,t) as shown



UV Unwrapping

Some complicated meshes can’t be unwrapped to one continuous area in the 
UV map; instead, many “UV islands” are created.

98http://chandaniparekh.blogspot.com/2018/02/uv-unwrapping.html

A trade-off between minimizing 
the total texture map area 

(compactness) vs. minimizing 
distortion within each face.



Guess what this unwrapped 
UV map is for?

99



100https://twitter.com/yzhu88/status/1266899006715760640



Texture Mapping

A “cheating” way to add details to complicated surface.

• Precompute the colors ahead of time and apply them to the mesh at rendering time.

101

A room in the digitally reconstructed Elmina Castle; joint with Prof. Mike Jarvis in History



102

UV Wrapping by Meshlab UV Wrapping by Blender



103

Another room in Elmina Castle


